
Lecture 4

Summary Poisson's eq
- u"(x) =f(x) 3(1)u(0) =u() =0

has unique solution

n(x) =So'G(xixf(x) dy ·

DiscretePoisson problem:

-

ay+t=f(xj) j =1,2,0.. /"YR)42

Vo =Vn
+1
=0

on a given mesh xi=ih, n = 1n+10
We seek a solution v that belonge
fo Dn,o=9VzPn/Vo =Vn+=03,
where D =5 (0,V5.000,Unti) + [Ru+z].



Eg (2) can be written

- 1 hif(x,)

2.2.+- ·I (( 7=(i +x](

- I 2
- I h f(xn - 1)

- I 2 I f (xu)kn
At Ruxu b

For any121, A is symmetric and
invertible,and v =Ab is unique
solution to (2) Conallinteriorpointsin⑦ (

Verification
-

ifi =j
symmetry.As=3 ifi =jI(

o otherwise

=>Acj =AjiVij => A =AT.

Let (x,y):=x
+

y for X,Y-A
"

denote inner product on U.



For later reference, note that

(Ax,y) =(X,Ay) Vx,yt(R(3)

since (Ax+y =xTATy =x*(AY)·

In fact, A is symmetric > B) holds.

Invertibility of A: For any
x =(x,..., Xn)

-1RY, introduce Xo =xn+1 =0

and observe that

·Xot 2x1 - Xz(X,Ax) =((xij, -x,-2-- -
-

t[ 1)
= zxi)- xi- 1

+2xj - xit)

=E x(xi- xi-1) - xi(Xi+ 1
- xi)

j=1

= Xi+1(Xiw- xj) - Xj(xi+1 -)
=Ev (xi+1 - y))

-

10 (4)
⑨



This implies that

(X,AX) =0E> *i =xi+ , j
=0,...,n

=> X =Ot1RY, Since Xo =0.

We conclude that Ais positive definitle:

(X, AX) <0 0 X+R" 1903,
and thus invertible.

Operators (and In

#troducing1: ((D)> (((0.1) by

(u)(x) =

=
- u"(X) Xt (0,1)

Then, given fa(((0,1)), eg (1)
can be written:

Find uc((0.1)) such that

(u)(x) =f(x) + X -(0).



We similarlydefine
↳: Dn >Dn,0 by

(av)(xj) =veV(x)
+

vixit
for j =1,2,000,0 3and LaV (X0) =Ln V(xnx)=0

For vzColloin), we also define
(LnV)(xi) by(5).

Note:For v-Dn,0 with ===(,,..., Vn)/
o

- 2LnV= 1h Av 1 (6)
o S

Discrete Poisson's 21: Find VeDn,o
S.t.

(nV)(xi) =f(xi) forall i = 42,...,.



Innerproducts

For u,V +C((0,)))

(u,v).=f'u(x)v(x) dx

and for u,v>Dm

TU,V>:h nunivan quie
I

Lemma (symmetries of (& (n)
⑰

(Lu,v) =(u,Lu) Xu,ve(f)(0))))
and

② (LnU, v)=<U, LnV)n FU,veDu,o

Proof
⑦S'.u"(x) v(x)dx = - [uv]+Suiv'dx

=Suvis'. Jour"dx=$u(x) (- v") (xdx



② Writing u= u] =fothe
and similarly v= [o], we obtain

XLnG,vSSfrn]FFe)
= (r)vs
=n (AT,v)
() (n,av)

= [u,LV)n



#mma (Positive definiteness of (& (n)

① For anyut(((01) (
[Lu, u>I0 and

\(u,u) =0 => u=0.

② For anyVeDn,oc
[Luv,v)] 0 and

<Luv,v) =0 => V=0

Proof
⑨

① We have
seen
that

(Lu,u) =-f.u(x)u"(x)
=[uu)].' +S(u(x) -dx]0.
1

And = 0

[Lu,u) =0=>u=0
=>u is constant

=>U=0 since U10 =0 .



②(nv,v) =([ -], ])n
=I(AV,v).

result follows from A being
Positive definite.

Lemma (uniqueness)
If ftC(01), then the
solution to (1) and (2) are
both unique

Proof for (1): Let u.*x(o((0.1)
both be solutions to (1), meaning

Lu =f and Lu = 7.

Let e =1 - 2. Since 1 is linear

Le =L(u - i) =Lu - Ly =0



=> e(x)((e)(x) =0 vx+(0))

=>((e,e) =f(e)(x)e(x)dx =0
ex (((0,1))
=>e

=0
=u =1.

Animativerepresentationdiscretesolution

Using G(x,y) =(y(1
- x) y < X

x(( - y) X1Y

we will show that solution of
(2) can be written

v(xj) =h(G(x),xk) f(xk) 1527.

compare this to solution of (1):

u(x) =5'G(x,y) f(x) dy



Verification For
any 1-kIn, let->

G") +Duso be defined by

G"(xj) =G(xi, Xx)

* G"(xj)

1nea!
Xn+i1

Then for JAK, 152

(nG") (xi) =0 since G "lxon, xts linear

while

(nG")(Xk) =
=

HXK)*2Xk(1 -XK) - xx)-x4)

=



Defining basis functions e"-Dnio by
1 ifk=jek(xj) = 20 otherwise,

yields that
K

46" =E

For any feDn, define VePnoby

V(xj) ==h f(xk) G"(XS)
Then In linear

/⑨(Luv)(x))- nEf(xk)((nG*)(xi)->

k=c

= zf(xu)e"(xi)
=f(xi) for all i =1,2,...,n

Conclusion: V is the solution for (2).

⑨


