
Lecture 5

Poisson'sec Discrete
eg.

Find nt C5((01) S.E. (1) Find VeDuioSt. (2)
·u"(x) =(u)(x) =f(x) (LuV)(xi) =f(xi)

for 5 = 1,210001

solutions:

u(x) =5.'G(xix)fNidy, v(xi) =hEvG(xi,xi f(xi)



Example
When fl,then solution of (2) is

V(Xj) =zxj(1 - xj) Exercise 2.16)

=> hzoG(xi,Xk) =2Xj(1 -xi)(3)

Maximum-innciple
For geDu, let iglIn,s=max1g(xl),

j =016-9,4
and let veDuo be solution of (27.

① If fao, then v(xi) -0 for all

j =1,2,..., H

② lvlin,asa

Proof
a v(xi) =hEGik)- 0

=0



② (v(xi)) => h G(xi,xx) (f(xk)
- lIfllno (hG(xiix)
El (If In,.*) = e

-vergenceof solutions
Let a besolution of (1) and vsolution
of (2),
The vector In ->Duso defined by

In(xi) =(Lyu)(xi) - f(x) i =1,..., n

is called the nationerror.

Properties:

①Iffec([al]), then

ItulIn, s = An. F
② Convergence rate:

HlU-VIIn,0-Afillu,OR



Proof of
Define error function e-Dno by

e(xi) =u(xi) - V(xi) j =1,.. .,n

Then

(Le)(x)) =(nu)(x)) - (2af(xi)

=(nu)(xi) - f(x))
=

En(Xi)

=>I is solution to (2) with f =in

maximum principle
-

=> Ilelln, =ulln,0Of"linoet·



#valueproblems

Anumber DAR is an eigenvalue
associatedto problem (D) if

Lu
=
xu (4)

for some nonzero u+(((011)
u is then called an eigen function

Extension of linear algebra:
Ax

=xx, i-eigavable,
x-eigenvector.

Plan. Find all eigepairs (i,u) for (1)

Recall that

7Lu, u>>0 Xu +(8((0,1))

Suppose that (1, 2) is eigenpair in (4).

Then <(Lu,u) =i(u,u)
so must have Xx0.



We define B =m and rewrite (4):

ul(x) +Bu(x) =0,

u(0) =u(D) =0

General solution

U(x) =2.Cos(PX) +Cesin (B

u(0) =0 => G =0

and Ul =0 => (2 sin (B) =0

=>B =k+, k =1,2,00 ·

The eigmpains (Tx, Ur) of 14) are
given by

An =(π)2 and Uk(x) =sin (KTX)

forK =1,2, ...

#mma Corthogonality of eigenfunctions)
k+m[sin(Kπx), Sin(m+Tx() =1, K =m



Proof Use that sin(alsin(b) =coslat)
Josin(K*x) Sin(m+xdx
= J'Cos( -m(πx) - Cos(k+m)πx) dx

1 - k =m

-29 pinTI])
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We also consider the discrete

eigenvalue problem:
Find Me and v-Dno such

that

↳V =MV (5)

How
many eigepairs?

Realling that
Luv =RAV] where veto
and A =[5, =

= 1 =]<Rux,
15) is equivalent tofind MAR and
VER" s.to

GAT =MV.
so(s) has n eigen pairs and all

eigenvalues are positive since
Ais positive definite



Using that
sin(a-b) +sm(a+b) =2Cos(b) sin (a)

and eigen function guess

k(xj) ==sin(KTxj)

one obtains that

LuV(xi) =hf sin(K4(i -h)) +2sin(KTX)
-sin(k(xj+h))

=1- Cos (4th) S in (k+x))
M

and VR-Dro.



The eigenpairs of (5) are given by

M =E (1 - cos(kih)) =sin4)
and

Vk(xi) =sin (K+xj)
for K =1,2, ..., M

S

Moreover,

TVk,Vm? =hEnv(xi)Vm(x)) =\o kFm

(6)
Yz k =M

I see exercise 2.305,

SV.SYis thus an orthogonal basis
for DuioanggtDho can be

written
g
=EncVn



Where coefficients ,,...., in+1
are given by

(g,Vm>=EnCk<Vs,Vn>m

=> Cm =2 <g,Vm>n m =1,..., n

and

g(xi) =Inqvilkixe)
Vk(Xj)

Formal limits as net and hso:

L.,yn - (0,0)
Dho -> CF((0,)))

discrete problem continuousproblem

Question:Does (7) extend as hto

such that functions f:[0,-IRcan be written
*

f(x) =E2<f, sin(kx)) sin (RTX) ?
k=1


