
ecture6

Heat ofon bounded domain

Ut =Uxx Xt(01)) /

u(0,t) =4((t) =0 t>0 +](i)
and with initial condition

u(x,0) =f(x) x=(01)(z)

alonopingutten
Models evolution of heat in uniform rod
with "heat"sources at end points.
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Esmethod

1. Find family of solutions [u(xit)3
to(I)

2. Observe that any linear combination
N

N<0
U(x,t) =[cr4n/xit)

, GtIR
k=1

also solves (1) (since it is a linear
PDE).

③.Find coefficients En s.t.
f(x) =i, Ur (X,0).

⑧Sonof variables

We seek solution Un(xit)

Mix)
=
(4,x)xxx+(0,1),t >0(3)

Un(0,t) =4,11,t) =0 t >0

Makethe guess that
Un(X,t) =A,(x) T,(t) /

for some 1x*((10,1)) and Tict ('(0, a)



Inserted into (3) yields
*x(x)Tit) =(x) Tret) 1*T
=>It)=T(t)
no ne

only depends only depends
on t on X

->I =(x) =

-xx(4)
Tk(t) Ex(X)

for some constant AktRR.

Rewrite (4) as

-E,(x) =xxEx) x =10113/5)Ex (0) =x (D) =0
and

T,s(t) +XxTxc(t) =0 t >0

T (0) =1

Cany Trld) to boundary condition
would work),



15) isthe eigenvalue problem

(*,(x) =xx xx(X)

with eigen pairs

Ex()=Sin (KTX) and X =(KT)K= 12....

and
-Kit

Tic(t) =exxt T, 10) =2

Family of solutions:
- (KT)t

un(x,t) =x(X) TicH)=e sin(kTX)

for K =1,2, ...



② Principle ofsuperposition
For linear homogeneous PDE

Ut =Uxx

with O-valued boundry could
u(0,t) =u((,t) =0/

a linear combination of solutions
isa solution:

N<8

u(x,t)= CrUk(Xit)/ CytIR
k=1

(Exercise: verity) ·
What is u(x,0)?

u(X,t) = (,e- (k4)2+sin(KTTX),
K=1

N

so u(X,0) = (ksin (KTTX) = = f(x).



We can now solve (D)-(2) for some
initial conditions:

E
For f(x) =sin(ix) +3 sin (34x)

+7 sin (54X)

solution to (1)-(2) is

u(x,t) =e
-4sin(4x) +3e-Bisin(3x)

#sin(54x)
Summary:Consider

Ut=4xx

u(0,t) =4(1,t) =0 310)u(x,0) =f(x)
N

iff(x) =[ csin(kx)
k=(

then u(x,t = c e
1**
sin(kTx)

k=1

is a solution.



And in formal limit N-0,
-

f(x) = C Sin(kTx)

then

u(xit) =re- 1kttsin(kTX) -

To solve (6) for given f(x), we
needto find coefficients Ex3
Sit.

(sin(kix) =f(x)(7)

Recall that V,(X):=Sin(kTx)
are orthogonal:

[V, Vm3 =Sv(x) VmIxidx =EYE, (8)

Rewrite (7) as
⑳

,(kY(x) = f(x) I (n)



and determine im by

St, vm) =Ecr(vc, vm)
k=1

I
=>(m =2 [f,Vm)

and

f(x) =3,crSin(kTx)
Example
The PDE (6) with f(x) =1 xe(oi)
Fourier coefficients

c =2[f,vx)

=2!sin(kTx) dx
-1

=(ink



Fourier sine series:

f(x) =1 =1
+
sin((2k-x)
2k- 1

Note:This is a formal equalitythat
holds forall x s(oil), but for

X=0

[flo= 1 .0) =02k - 1
I =

O

Formal solution to PDE:
- (2k-1)t

uxit) =EE sin((2k- 1)TTx)



>
For f(x) =x, the

Fourier coefficients are

( =2 [f,v)
=2xsin(kTx) dx
=2/-x4x)]
+2x)dx

0

-

--2) =f1)*
and sine series

x =t**sin(kTx)



Types of boundarydata:

Dirichlet:U(0t) =a , u((,t)
=b

Neumanu:Ux(0,t) =a ux((,t) =b

Robin:<Ux10.t+ pU(0,t)=a
& Ux(I, t) +Su((,t) =b

For some 2,B,V, f, a,bel.

Periodic: U(0.t)=U(lt), Ux(01t) =Ux(,t)

Nexttime:Fourier's method
for heat eg with Neumanu
boundary conditions.


