
Lecture07

Heat eq with Neumann boundary
cond.
-

Ut =Uxx x +(01), t>0

Ux(0,t) =4x11,4 =0 -sob (i)
U(x,0) =f(x) x => [0,1]

Guess solution form

4(x,t) =Ex() TrIt)

Boundary cond:r(0) =Ei(1) =0

Mit =Maxx) == - xinTklt)

for some XKER.

Eigenvalue problem:

(2) =)
-E =xxxx x- (01)

*i(0) =2,!() =0 (B)



The properties

5X", n) =f.) E(x) dx
= (-x].+(x))ax
=,, i).

and
-E=1x x 1 (En)

I 1x =2x 10.

[Ex, Ex)

Writing Bis =s, problem (3) becomes

A,"(x) =-B,x(x)

General solution:

En(x) =c, (os(Pxx) +c2 Sin(BxX)
with *,(x) =Bic (CzCos(B,x) - c, Sin(B,x))



Eis(0) =0 => (z=0

:(1) =0 => Px Sin(Prc) =0

=>Px =kπ,k =011,2,..-

.Setting= 1, we obtain

Ex(x) =CoS. (KTX).

Eq for in from (2):

T=-XT t0

-()t
=) TkHt) =e

xx+
T,(0) =e
me

set = 1

for K =0,1 ..>

Familyof solutions to (1).

Un(xit) =e
4t

(os(kTX) K=011,...



and by linearity,
-(i)tu(xit)

=Ecie (os(kx)
k=0

is also a solution.

Isolutions

If f(x) =Eccos(kTX),
k=0

- t
then uxit =a e cos(kTx) (4)

k=0

is a formal solution to (1).



ecosineseries

For V(x) =
=cos(KTX) it holds that

O kIM
<Y, Vm) I 1S2 k =m

=1 (5)
I k =m =0

/Exercise)

Fourier cosine series:

f(x) ==+Eccos(kTx) ((, Vm)
k=1

Determine Im by:

<, Vm7 == lm)+, [V, vm)
=Vo

=m
=>Cm

=2 [f,cos(m+x))
m =0,1, . .

. ,



Example
f = 1 =vo(X) has coefficients

cm =2[f, Vm) =2 [Vo, Vm3

ee if m=0

otherwise

Kosine series 1 =I (x) =1_)

Example
f(x) =x

( =2 [f,4,(x)) =2/0x(os(kx)dx

forxdx



for K >0

(k =2)'X(B(kπx)dx
=2)(4x)].-2).sin(KTX) dx
=(yuC0s(kπx)].
=(yz(t1)"- 1)
#

=G-pt) if(=1,3,5,0.ifK=2,4,6..

Cosine series :

x =z - i2R COS((2K-1)T*)

And eq
Uz =Uxx t>0,Xt(0))
Ux(0,t) =Ux((,t) t>0

U(X,0) =X

has formal solution(see (4)
- (2k- 1)t

u(x,t1=z - e Cos((zk- 1)πX)


