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Consider

Ut =Uxx x =(011) (
-

30(1)410,t) =4(1,t) =0 t >0

U(x, 0)=f(x) x =(0,1) (2)

Assume that ucxit) solves (1)-(2) and

that u = (2
" ((aD x20,3))

22=(n =(((01) x(0,0)))u=,uxx +(((0,1x(0,4)3

Energy argument
-

Let E(t): = S!uix,t) dx two

and consider E

L

E(t) - It So Vex,t) dx
=J.Uix,t) dx

will justify interchange of it and !Inter



=2]!U(x,t)Ut(x,t) dx
*2 Sounxx dx

=2x(UUx) - (ux)"dx

=2uxxt!-2)x(x,t)2dx
man

↳O
-O

Energy estimate:

Elt) = E(0) v t 10

or equivalently
Suvxit) dx = S0f dxVt20



em

Let u andsolve (1)
with u(x,0) =f(x) and v(x,0: g(x),
and assume that

u, v =C2 ([01Dx[0,0) .

Then for all t 10

S'((x,t) - vix,t))-dx - (0(f(x) - g(x))dx(3)

Proof. Since PDEis linear,
W =U -V

solves heat eq.
Wt =Wxx x t (01), t>0

W10,t) =W(l,t) =0 t >0

w(x,0) =f(x) - g(x)
and w, we, wxx + (((011 x (0,4)).



We obtain (3) byprevious energy
argument. Es

Observe if g-f in 13),
then

J.(UCt, x) - VIt,x)1dx 0
->U(t,x) =V (t,X).

So for each, the heat eq (1)-(2)
hasaone solution in (2.



Aerationof integrals

Let g be a continuous

function on (a,b]x4,d], and assume
that g, t(([a,b) x(c ,d]) ·
[a,b) x(,d] is compact, so gy is

uniformly continuous on [a,b) x(d].

In particular, this means that
for any 320, Ihs such that

Sup sup 18y(x, y+8) - q, (x,y)) < [
S2h xe(aib]

for any yt(d).

Implication:

him Sup sup 18y(x,y+G) - gy(x,y)) =0(4)
1-0 8Ch xe[a,b]

for any yt (4d).



Theorem
--

Ifg,gy tC(a,b]x (c,d]), they
the function

b

G(y):=Gg(x,y) dx (5)

is differentiable and

G'(y) =jbgy(x,y)dx
Proof
-

Need to show that for anyye (id),

limth)-GH) =Sgy(xi·
Let us and ye ((d) . Then

Gth)
- G(x)

=/bth)-gox
=("gy(x,y +2)bx



for some f(n)-9,2) by

the mean-value theover.

consequently,

IG-G(Y) -g, (x,y)dy
- 16gy(x,y+6) - gy(x,y)dy)
<S4/gy(x,y+1) - gy(x,y))dy
<(b-a) SUP Sup 18y(x,y+S) - gy(x,y))S2hx=[a,b]

Take limit h60:

lim/G(y)-(gy(x,y) dy I
↳60

<(b -a)x lim
noo s (9(x, y+8) - g(x,y))

(4) 0 B



Result applies to solution of
heat eq (1) - (2) with
u =(2((01) x(0,0) as
follows:

· For anyTC0,

u, u==(([0,1] x[0,T]).
·This implies that

U2, (n=-> C((a13 x[0,T]) ·
e

zuUt

· For EIt)=S'vix,t dx,
previous theorem implies that

Elt) =S:(44t(x,t) dx(6)
holds for all tel0ct)

· Since TO is arbitrary,



16) holds for any ti0·

eargementfornonlinear PDE

Ut =4xx - u3 x = (01)) , t >0

u(0,t) =4(1,t) =0 t>0 3AS
U(x,0) =f(x) (8)

Assume at (2([011 x(0,0))
solvce (7)-(8) and let

ECt) ==SU2(x,t) dx.
Then

Elt) =='ur(x,t) dx

-Soex
=2]!'uUt dx



=2]'u(uxx - 43) dx
=2 [nux].-2](4x(x,t))"- (u(xit))"dx
e

=O

↳O

Gives growth bound for solution:

E(t) =El0) vt 10

!vix,t) dx =So-f(x) dx

Uniqueness-
Let nev be solutions

of (F) with
u(x,0) =f(x) and V.(X,0) =.g(X).



If u, ve (2), then (r-v) solves

(u -V)t =(n - v(xx - (u-- v3)
(-v((0,t) =(-v)(1,t) t>0

(u-V)(x,0) =f(x) - g(x)

Consider energy

Elt:=S:(n-vIx,t) dix
Since (n-v)(211,
Elt) =S=(u- v)2 dx
=2 S ( -v) (nov)+ dx
=200'(n-v)(n -v)xx - (n -v)(n- v3)dx
=2 [4-(u-vix).Amexx,t))"dx
ne

↳O

-2].(us-v3) dx 10
-



Last integral is 10 since

( - v)(n3- v3) = 20 if uV[0 it UV .

Conclusion:

So'(u(x,t) -v(x,t)) "dx-So'(f(x) -g(x)/dx.
and (7)-(8) has at most one

solution in C2".


