
Lecture 09

Consider

u
==4xx

u(0,t) =u)irt) =0 t > 0

u(x,0) =f(x)
twoxse-

Nialmethod

AX=i and Dt>0,

Mesh (x;,tm) with

xi =jAX I =0, 1, . . .,u +1

tm=mAt m30e

Approximations

41x,t) -4-u(x,)
and
xxx,t) =42u(x,t)

+U(x+Dx,t)
XX2

motivate scheme for vi=U(X;,tm):



-

Ifor j =4...,n and m =0
S (2)

with Vo =V =0 m =0

and vi =f(xj) j
=

1, ...,n.

Numerical stencil

·
tmt

·etm

Xi-1 Xj Xj +1

(Vint is computed from V, V,and Vie



Introducing
A = f 2

2 - 1 I
U

S

2 -

: e***eumfi)
we rewrite (2)

vm+=(F - -A) um m1o (3)

=(I -SA)*vo.

A&x2A has eigenpairs (Mr,Wil

Mix
=sin()

Wri=W(xi)=sin (k4x;) i =1 .

.
.

,
h

and [Wi3, is an orthogonal
basis for RP. (Lecture 5)



Since

(I-At A)"Wk =(1-tMwrk
- M

Uk ·
=(l-Atr)"Wise" with

-M

Ukij=(1
-1tMn)" sin(kπxj)

are particular solutions of (s) forki,...,n.
Verification:

-mH =(l-5t)murk
=(1-tA)Ir

GM

Linearity of (3) gives general solution

v,=Ecam
k=1

=eCk(1 - ytM,)"sin(k+Xi)(4)
k =1

where

V. =f(Xj) =hcksin(k+ x))



-

Ci =2 [f,Sin(kTx))ax
(5)

=2xxf(X;) sin(kTX;) ·
j=1

Compare (4)&(5) to formal
continuous solution of (1):

-Im
u(xi,tm) =Id e Sin (kT1X;)

k=1

with dr=260 f(x) sin(kx) dx.

avergence
If2and a smooth, then

lim Vg*=U(Xi, tm)
AtO

XX e0

(see TW 4.2.4.



mmannStability

Recall that PDE

Ut =Uxx x = (011), t>0

has particular solutions
- (IH)2t

·Unkx,t)
=e Sin(kHX) K= 112, . . .

when BC are Dirichlet
·u10,t) =4(1,t) =0 + 10,

-(k)t
· Ux(x,t) = 2 CoS(kTX) K =0.1, ...

when BC are Neumann

Ux10,t) =4x 11,t) =0 t20

Observation: all Un(x,t) above

arelinear combinations of

Un(x,t) =e-1k)te
ikTX

k =x,

Since sincyl-ee ecosy)=ee"Y



Elesion
-

For

CoLit +GUt =22Uxx +GUx tCyU txo,x-101)

with constant Co,..., CytR,
particular solutions are linear comb.
of

ik4X
U. (x,4) =Trlt) & k =2

(where the depends on problems

Correspondingly, discrete particular

solutions are linear combinations of

Un(Xi, tm) = (a,eikx; k =2

(where are 4 depends on the

problem & scheme).



Note that
14r (Xi, tm) ) =(ARM and

14n(x;,tmIl=(T(tm)).

Reasonable growth condition
for numerical solution:

A scheme is stable in the

sense of Von Neumann if
·SUP 19. I sup ITr(tm)/
ktR kER

holds for all mo

How to use condition:

①given PDE, find in and
an for discrete problem vk =2

② Determine At &Dx so that
Neumann stability holds, if possible.



Example:For

Uz =Uxx xc(011), t>0,

inserting Ur(x,t) =Tklt) eikTX gives

TkIt) ekiX =-(1)Ti(t) ex

-(π)t - ((π)2t
=>Tk(t) =e Tr(0) =2
-

:
=1

Associateddiscreteproblem:
↑

viiivzvinte

Inserting umi=(a,km e ik+Xsabove
Yields

- ikAX ikTAX

(ak1)(a)mek+x;=-2
+e ame)KTx

At AXZ

=>ax =1 - 2 At(1 =CoS(KDX)
=1 - 45 Sin) **)



Since

SUP ITa(tm) ) =Sup e-1*)tm=1,
kt] k +2

the scheme is Neumann stable

iff

19km 1 1 I m =0, ktx

E) (9r= 11-4sincL ***)1 = 1 X ke

EI - kkt2

Ex * I (8)

&
(since sin (k) =1 for k =n+1 =x I
18) is called a CFL condition

for the explicit method (7)
-

When S it solutions of (7)
↑

may explode or oscillate wildly.



Example Consider PDE

Ut =Uxx+1 Xt(011) t > 0

and explicitscheme

rntivvzvm+V" ien

Inserting Uk(X,t) =Tr(t) elkixinto PDE:

Th (t)eix=(-(+)
2
+1) Tr(t)eix

(1 - (*π)4t
=>Ty(t) =2 #(

=2(1
- (kπ)2)t

=> sup ITk(t)) =et
k +2

Inserting Tim =(an/Melkx) in
scheme:

ik+Xj
ecan -Da
- IBX-+elKiBx1)CaMecKAY-

-

At



=>

ak =1 +at- At(1 - Cos(k+*x))
=1 +At - 4At. Sin*e)

Scheme is Neumann stable if

sup 19kI=SUP ITu(tm)1 =etm=emAt
kt2 ktz

forall M10·

Equivalent to

Sup landI est
ke

=> - eDt1 1 +bt -A sin2IX)-ept VK
↑
always
holds

=>ASinKIDX) HAteAt VK

(k=1+1 =AX- 1)

=> t A
+st (CFL)



(TW4.3.2 derives the sufficient
condition

At 12 /
whichis more restrictive than
(CFL) on previous page.)


