
Lecture 10

Implicit method for heat eg.

ut =4xx X= (0, 0), t20

u(0,t) =U(,t) =0 t=0
3 (M

u(X,0) =f(X) x+(0) (2)

Approximations

Uz(X,t +At) =UDt)- U(X,t)
At

Uxx(X,t +At)uAT)- 2U(X, t+t)+U(x+AX, t+1t)
1X2

scheme for via U(Xi, tm):

+- vm = - 2vm
+ 1
+vim* (3)

At
1x2

for i =1,2,..., n&m=0,

Boundarycoud: V.M=VM vmIO



and v. =f(x5) i =4,2,00,

Stencil

·

·
· tmc+)

tr

xj-1 xj xj+1

Thanks to -m =7-JtR
and A=FiTunToneRxe

L
I

the scheme (3) can be written

(I +51A) vm
+)
=vm(5)

w
==r



Forany rso, the matrix (I+rA)
is positive definite since Xt"903,

xT(I +rA)X =x+ >0
o

>O - 0

=> (I+rA) is invertible -> (5)

has unique solution.

Lemma
-

For any ro the scheme (3) is

Neumann stable.

Proof
-

Particular solutions of us =uxx
are

-Kit CKTX

Un(xit) =2 e k +x
ne

T(t)

and sup (Tk(t)) =1
k ->2



Inserting part solution

im = (a,kmeikxj
into (3):

'YelNXX-GRIDXeRx;
we obtain

p
an =trsiRx) -(v

k +2/

=> Sup (ax11 =sup, IT,tn)kE

Vm=0
#

Observe:For heat el.,
implicit scheme is stable for any

Atso, while explicit scheme must
satisfy
I <E.

=>Implicit scheme may be more

efficient than explicit



Deenergy arguments

I
Have shown

SE(t) =J((x,t)2d x = .SoM(x,0))"dx==ECO).

for solution of heat eq. (2).

Consider solution of explicit scheme

mymte
i.e. m+=(1 - rA) V" (6)

with r= and A as in (4).

And energy
S

M

Em= =AxWil =Dx)
=(m/tum



Then

EmH - Em =Ax((vm+1,vm
+

1) - (vm,v2)(7)

Note that

(vm
+

1,vm
+1) P(F-WA)rm, (I-vA)vm))

=(m)
+

(F- vA)TI-vA)vM
=(m)

+

(I-vAlvm,

Since A =AT => (F - vA)T =I - vA.

Eigenvalues of Aare

Mn =4Sin2)"**) k =1,..., n

So i =maxMk 14 and

eigenvalues of (I-rA) are

(1 - rMk) 1 =1,...,n

If rez, then 11-5MP11 UK and



CM (E-rA)" Ur <max(l-rMc" (mpigm

=(um, vm)

Inserting this into 17) yields

Emti Em => EmLE mo

Stability with respect for v0:

xxE,(VM =DxENIS Amso

Implies uniqueness:
Ifriz andv and in are

explicit scheme solutions of (1) with

Vi=f(xi) and t =F(xi), then

xE,(V-V, = AXE, (f(xi) - F(xi))mzo

Proof idea:Use that wi=vm. Im
is explicit scheme sol of (1) with
Wo =vo-vo-f-7, and apply
energy argument on w.


