
Lecture II

Wave eg. with Dirichlet BD cond:

Utt = Uxx xec0D, t>0] (1)
ul0,t) =ull,t) =0 t0

u(x,0) =f(x), u=(x,0) =g(x) x +(01) (2)

Rarsolutions

Guess solution: Un(x,t1 =E,(x) Ti, (t)
with Ext (8(10,1)) & Tice ( (0, 0011.

Inserting into (I) yields

X,(x) T,"(t) =2,(x) T,(t)

=>(t) =(x) =

-X,(3)
Tk(t) Ex(x)

for some Xx tR



Familiar eigenval problem
-I "(X) =xx En(x) x+(0.1)
Ex(0) =Ex))) =0

with eigenpairs

xx =(kπ)2

*x(x) =sin(k4x)3 K=42, .
.

.

Sincein is determined, 13now

gives ODE

T."(t) +(HK)Tic =0

General solution

TH) =a, Cos (kTt) +b, SinCkTt),
with abit.
(Note for later. Tilt) is linear

combination of e ikit and ikit.)

Particular solutions of (1):
Ux(x,t) =(ar(os(kit) +bxSin(kt)) sin(Ky)



for K=1,2, ...

Bylinearity of PDE,
u(x,t =E,"n(xst)
= (an (0(k) + b,sin(kit) Sin1kTX)
k=1

also solves (1) with

u(x,0 =ansin(knx)
ut(x,0) =E,k*b,sin(kIx)

u(x,0) =f(x)
=>ax =22f,sin(kTx) =2):f(x)

incland Ut(X,0) =f(x) (4)
=>bx =60g(x)sin(kTx) dx



For sine series initial data, we can
solve (1) - (2):

f(x)=5Sin (12+t) + 3 Sin (425x)
and g(x)

=17sin(3x) ·
Solution

u(x,t) =5(os(12it) sin (124 x)

+ 3 (os(42t) sin (42Tx)

+ 17 sin(3Tt) sin (3TX) ·-

3π

Formal solution when NT

U(x,t) =5((ob(kIt) +bsin(kit)) sin(KTX)
with as, by determined by(4).



myargument
Let us be sol of (1)-(2) and assume
that u = (((0,Dx (0,0))

Itwice cont. differentiable functions).

Consider,
EIt:= So 4Y(x,t) +hE(xit) dx.

Note that UP, u== c" ( [0,1x[0,x)),
so that

E'H=I Jou? +UE dx

Lecture 8 (

*
2J Ux4x+ +4x+4+dx(5)

Since UCC, it holds that

ux+ =2t (Ex4)
=Exlt) u =4x,

which implies



Souxuxt dx =S! uxuexdx

-JEx(4xUE) dx-S! UxxU=

-]-Jetedt
=O

Since U10,t) =0 vt1o => 4-10,t) =0

& similarly ut(1,t) =0.

Inserting into (5) yields
Elt) =2 SUx4x+ +4+4=+dx

=O

=>E(t) =E(0) for tz0.(6)

Stabilitybe solutione
of (1) with u(x,01=f(x) [(x,0) =f(x)

Ut(x,0) =g(X) ut(X,0) =g(X)



Then
w =u - π solves (i) with

w(x,0) =( -F)(x)
W+(x,0) =(g -g)(x)
and (6) =>

Jo'M-T,(x,t1)"=((n-nt= (x,t))dx
= Solf-F(x))+(eg-g((x))2 dx (7)

guess
Ifabove u,ucC both solve

(D) - (2) (so +=I and g =y)

then u =π
.

Roof By (7)

J. (n -5(x(x,+) +(( -u)+ (x,t)2 dx =0

for all t 1 0.



=) Ux(x,t) =4x (xit) =xit

-> u(x,t) =2 +Souxy,t dy
=SGx1y,t)dy =(x,t) Fxit

B

Numerical method for

Utt =4xx xtC0,1) , t >0

u(0,t) =4(1,t) =0 -10

u(x,0)
=f(x), u + (x,0) =g(x)

Approximations:
n+(x,t) =4-24(X,t)+ U(X,t+9t)

At

4xx(x,t) =a()-24(x,t) +U(x+DX

Num solution VI = U(X;, tml
with Xx=4/ Xj =jDX j =0, 1, ..,n+1

and tr=mAt for some At>0.



Gives scheme

er+V+Ve

for i =1...,and m=1.

Boundary cond:Vo =V1 =0 mzo.

Stencil

*
xj-1 Xj

Initial conditions needed fornov
v8 =f(xj) i =1,...,n

How to approximate Ut(X,0) =g(x).?
U(x, St) =u(x,0) + At Ut(X,0) +2 UntIX,0)

+ 0(DtY)

2f(x) +x+g(x) +buxx(X,0)



We use

Vi =f(xi) +x+g(xj) +(Y-1 - 2V;+vj)
j =1, ..., n.

with vin), A=Fi-2EIR
and r=Y, the scheme (8) becomes
vi+=(21-r2A) um_vm-1 me1 (9)

Astability
I ikit

U,(x,t) = Sinkkx) e KEN

are particular solutions of (1).

For (9),

=Car* Vi tR" for K=4...
with Vis =(sin(kTX), ..., sin (kXn))
are partsolutions.



To determine an, recall that

AV =4sinDY Y

Inserting hi into (9) yields
-mt

Un =R2I-rA)YY-Y,

an
**

= (2-)K-G*(UK
Eqfor AK:

a= (2 -5) 9m +1 =0

=>ar=s
=>Booth roots 19,1121 ift

5 - 4

And r->1 =>S14.



Conclusion:If *1 (FL)
Athen

max 19k=1* 1 =sup (efikittml mo
K= 1, . . ., 4 keN

and the scheme is Neumann

stable.




