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For

u"(x +aux)=0 x t(0,D](1)u(0) =no & UC1) =4,

with a+C(91), we will show that

min (no, 4.) =U(x) =max) no,41) vxe[a (2)

12) is called a maximum principle.

Recall that if xot(011) is a local
max of ux), then

v'(x) =0 & u"(xo)< 0. (3)

Helpful result:

Lemma Let

reE((0.1)) f(([0,B) satisfy
V"(X) +a(x) v(x) >0 x =(011) (4)

Then

v(x) -max ( VI0), v(1)) *xt[011.



Rod Assume xot(011) is a local

maxof v. Then (3) =>
v (Xo) =0 & V "(Xo) =0,
which implies that

v "(Xo) +a(x) v'(xo) =0,

contradicting (4). Sow has no
maximizer in (0,17. B

Suppose next that ne ((10,1)) ((((0,
solves (1) and consider

4+4XVe(X): =U(x) + te for exo,
where C:=max(a(x)).

x[0i

Then

Ve"(x) +a(x) Ve'(X)
(+C) X

I=aux)+a e
=O

>O

>O



Previous lemma implies that

ve(x) = max(Ve(0), Ve(D)

=max(Uotz, U, +cet
It

<max (no, u.) +e
&

Furthermore
h(x) =Ve(X) <max(4o, 41) + -et
Limit (-0 yields

u(x) = max (no, U1) .

What about lower bound

u(x) -min (no, n.)?

Consider W(x) = -U(X).

Then wi(x) + a(x)W(x) =0

W(0) = - 40 & W(l) =- 4,

Above argument gives
W(x) = max (w10), w())

-
- u(x) =max(-4o, -41)

=- min(Uo, 41)
=>U(X) - min(4o, 41).



Stand uniqueness
Assume that u, i-(((011)) & ((C0, 1].
both solve 4" +a(xu =0 with
u(0)=4o ,U() =4, & E10) =Yo, (l) = n,

then
e==u- i solves

e"x+ a(x) e(X) =0

and maximum principle ->
I

e(l)

minine,als ein max (noro, n-il
->1u(x-5(x1 <max (Mo-4p1, 1,n,1)

=>(I) has at most one solution in
c2(10,1) 1 1 C([0,1]).



-

r heat eq

Ut =Uxx xt(011), t = C0,5

U(0,t) =YeCt) UClit) =Urit) t =[0,5 (5)
u(x,0) =f(x) xt (01))3
Domain of u: R = [01D x(015]
"Lower"boundary of R:

B =R2 (0i1) x (0,5].

Is
⑧ I



Theorem
-

Suppose u =((R) 1 (2((01)) x(0,t])
is a solution of 15). Then

int u(xit< u(xt) =sup 4(xct) VIXER.
(x,t)tB (x,t)EB

Equivalently,
er(f(x), nelt),uri) -> Ux,t)=ef(*), mnit), nrt).(6)

Roof Main steps

⑪ Verify (b) for vixit) s.t.

Vt < Vxx

② Prove for v4(x,t): =4(x,t) +X2
and take limit -> -0.

① Suppose v- 22(10,1) x(0,t]) &C(R)

satisfies Vt < Vxxx + 101D, te(ost]

If (osto) -> (011 x (0, i) is a local
I

maxof v, then Velo,to) =0 and



Vxx/Yo, to) = 0.Leads to contradiction

Vt(Xo,to) I Vxx(Xo, to) .

If No, i) with xoth) is a local max,
then UtIo,T) 20 & Nx(xo,) =0.

Contradiction:Ve(Yo,T) I Vax

Conclusion: V has no interior -point
maximizer (Xo,to) + RB, so

v(x,t) <supV(x,t)
(X,t)tB

② Consider v (xt):=u(x,t) +x2
for t30.

Then

VE - It O
+-

=u
+- Uxx
me
=O

Step 1 implies that

v (x,t) < sup v4Ix,t)
(x,t)tB



Since Uv=u +ex24+t/

u(x,t) ->Vx,t) <sup Vt(X, t)
(x,t)tB

<Sup 4(x,t) + t
(X,t)B

Limit - so yields
u(x,t) = suP 4(x,t) ↓(x,t) =R.

(X,t)tB

Lower bound in (6):

The function wix,t:=-4(x,t)
solves we = wxx and by0-R,

W(X,t) < Sup W(x,t)
(X,4tB

=suP -U(X,t
(X,t)-B

=- infu
B

=>U(x,t) I inf U ex,ttR

#



Uniqueness and stability
-

If nine (2" ((011) x(01t]) +((R)
solve Ut =Uxx with

u(0,t) =elt) (0,t) =Ye(t)
u(1,t) =Ur(t) and i(t) =4rIt)
U(x,0) =f(x) [(x,0) =f(x)

Then e.=u-u solves

U= =uxxand (6) ->

lex,t)1 = sup 1e(x,t))
x,t) +B

=sup (If(x) -f(x)), (e4)-Yelt)), 1rH)-UrIt)l)
(x,t)tB

Conclusion:The PDE (5) has at most

one solution in (2"((01x(0,T]) &C([0,3).



-

maximumprinciple's

Schemes for (5):

rivm_tVI (Expliciti

Vent Emplicitin

both for i =1,...,n, m20.

Boundarycord for both schemes
Vo =He(tm) , Un= Ur(tm) MIO

vi =f(xi)

Discrete geometry.
Domain Ry =EXX;, tm) ( xit2011] and tm-[0,t]]
"Lower"boundary
By =(X;, tm) tRaltm=0] UE(X;, tm) tRglX;t90,133



t x

TO & 0008 · Ba0

00000
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⑧00008

00000

O 0000⑰

x↓ *X

Let

v -=min (f(xj), Me(tm), Ur(tm))
(xj, tm) -BA

v
t
=max (f(x)), neltrn), ur(tr))
(Xj, tm) -Ba

and r =2.



em If r = t, then
theexit scheme satisfies
V-V*V F(Xj, tm) tRy.

And for any DX=and At> 0

Calso when ws), it holds for the
implicit scheme that
-

v
-

vM(V
+

(xj,tm) tRs

perbound
Explicit scheme: Write scheme as
it =rV+ (l-2r) Vi + WV, (E)

Induction:Assume that max YMV
j=0, 1, . ..,+1

holds for some mzo.Then (7) =

Y** =rV+ +(-2r)V+ +rV =v+

for all i =1, . . ., n.

And (m+=v/otm+1) VO

Un* =V(Xn+, tm+)Vt



hold since (0,tm+1), (ntytm+) tBs.
->max v* =Vt

J =011,...,n+1

Upper bound in theorem holds byinduction.

Implicit scheme. Write scheme as

(12) (m+1 =V+rIV, + Vin") (8)

Assume max VYV holds for
j=0, ..U+1

some mzo. Then (8)=)

(1+2r) V,m* V+ +2rmax v,n+ (9)
j =0,y.r.,n+1

holds for all i =1,2, ..., 7. Since
~m+= Vand V=V(9) also
O

holds for i =0 and j =n+1, so that

(H) max v,**EV+22 maxmH-
j =0,1, ...,n+) j =0,y.r.,n+1

=>max v,m+1< Vt.
j =0,y.r.,n+1



Upper bound in theorem holds by
induction.

lower bounds can be proved similarly
⑮

Remark The theorem gives an
-

alternative stability estimate to
von Neumann's.


