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Nonlinear heat eq.

U= =(k(u)ux) x xe(0, t = (0,T]

ulo,t)=Yelt) uClit):UrIt) teo,T] (1)
U(x,0) =f(x) x- (O)

I
where we assume KeC(IR) and

ockok(x) =o I xERR (2).

Let R =(0,1 x(at] and

"lower"boundary
B=R- (0,D X (0,T]

it



Theorem If
e

ue (( (0,1) x (0,4]) 1C(R) solves
(1), then

inf(f(x),Yett), urt) -- Ux,t) = sef(x), nelt),4r(t)
(X,t)tB

for all (x.t) = R.

Prof
For any exo, let vx,t): =U(x,t) - et.

Then

V=Ut = t

=((n) Uxx +k' (4x2 - t
=kIVt + et) v +k(v+ t) (vE)- t

=>

V< k(v+et) vxY +kv-+et)(v)2(3)

Suppose (0,to) - (011) x(0,T] =RIB is a

local maximizer of it. Then
-

Vx
*
(Xo,tr) =0 & Vxx(Xo,to) =0

if totand Vixosto) =2= if to t(0,T)



-> (2)
>O

et)Vx(xo,to)
↳O ↳O

.

d)(VIxo,toll
=O

which contradicts (3). So it has
no maximizer in the interior RLB and

ve(x,t) = sup v (x,t) *(,t)t B
(x,t) tB

Recalling v
=
U- et =u yields

U(x,t) - et < sup Ux,t)
(x,t) -B

=> U(x,t) < Sup U(x,t + T
(X,t)tB

Limit ->-0 gives upper bound.

For lower bound, consider

W(x,t) = - U(X,t) .
B



Note:This maximum principle cannot
be used to derive stability and unig -
nenise of solutions the way done

for the linear heat equation W

since principle of superposition does
not apply to nonlinear PDE.

Numerical method for (1):
VM=U(X;, tm) with mesh (xj, tm)
as before.

Explicit scheme (Exercise 4.20)

ym+ =rk,xV +(1 -w(k;y++yz) VY

+rky2 Vi + 1

for i=1,..n, mco, with r =E
kY+12=
K(V)
2

Boundaryconditions
Vo=Yeltm) UnE =Ur(tm) m10

Vi =f(xi) j =1, . . .,
4-

See lecture 12 for domain Ra
and lower boundary Bi.



Let
vt =max (f(xi), Ueltic), Ur(t))

(Xj,tx) +Bg

v
=

=min (f(xi), Uelti), Yr(t)).
(Xj,tx) +Bg

vem If I holds
(Io from (2))

/
then

v
-

vi v
+

↓ (Xj, tm) - Ry

Prof Assume max v= Vt
j =01), .. ,n+1

holds for some mzo. Then,
. since kiy2= Iovs and

1- r(k,x +ky) 1-2010,
we obtain

ym+ =rk,Y +(1 - r(k;y+yyz))VY
+rkyz Vit

GrIV+(1-2rk) Vt+rI.Vt
=V+



for all j =1, . . .,

and it also holds for i =0 and
3 =n+1 since (xo,tmn), (Xn+ytm+i) -> BD.

Hence
max vi,VT,
J =011,...,nH

and upper bound follows byinduction.
Lower bound can be proved similar


