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The d-dimensional Laplace operator
I is defined by

↓

AU(X):= E,4xjxj(x). (x-R)

Let LCIRI be an open, connected

and bounded domain.

closure t

Boundary22=.

⑧ -a

↳

Afunction u t ((-) UC(I)
is hmonir if
DU(X,Y) =0 F (X,Y)=



Ex Harmonic functions
1d: All

U(x) =c0 + 4X / (keR

2d: All functions

u(x,y) =C0 +4,X +c2Y +(zXY
+ (y(x2 - y2) Ct

but also manymore, like

esincyandlog(Xhe
In Id, the ODE

u"(x) =0 in (oil)

can be written
↑

u"(x) + a(x) U'(x) =0

with a =0. know from Lecture 12

that

min(no),4(1) ->u(x) =max(ucol, u(1)) vx-foi



Extension to 2d:

Theorem
-
If u is harmonic in 1,

then V(x,)to11

Mill i=n(x,y) < maxu
22 or

Prof For any t30, let

v (x,y):=u(x,y) + (x2 +y2)

DU=0

->AV(x,y) =4t >0 vX,t. (1)

Suppose interior point (Yo, Y)t &

is local maxof it. Then

Vx(Yo,Y0) = 0 & VYy(Xo, Y0) =0.
=>IV (Xo,Y) =0 .

This contradicts (I), so it was no

maximizer in and

ve max vt.
3r



Let C ==max x+ Y2 <
-
x,y)t

k2* since in bounded) and note that
u(x,y) = ve(x,y)
en
=u(x,y) +t(x2+y2)

=max ve(x,x)
(x,y) -22

<max u(x,y) + Cr(x,y) +2

taking ->50 gives upper bound.
Lower bound proved similarly.

⑤

Note:Keystep of proof is
tofind Vs.t Avto&VEU. This is possible
under theweaker condition

SU10, inc (subharmonic in)

lars'subharmonic, then
U(x,y) 1 max U (x,y)t

G-



A

cationofthat(uniqueset
- Du =f

-

u =gne 3 (2)
Assume that n,i = ((r) 1C(-2)
are solutions of (2) with the same

fandy functions. Then
v =

=n - 5 solves the PDE

AW =DU-D =0 in or

w =

g -

g
=0 on 2.1.

Since wis harmonic, Thm1

implies that

OFminW EW(x,y) < maxW
=0

O o

=w =0 = u =π



-harmonicfunctions

Continuous domain

- =(0,1) x (0,1), e=[0,Bx40,
with 2=IR.

/Goal:numerical method forsolving (2))
For h =it and points

(xj,Yx) =(jh,kh),02j,ken+1,
the discrete domain/grid is given by
-n =[(X;,yx))12j,k =n3 and

in =[(X;,y,) 10=j,K =n+13/
with 2-2n=in.
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A grid function V=In- R
e

low Vi-In- 1+2)2 for full vector of values)
we write Vj,k =

=V(Xj,X).
The Discrete"minus Laplacean":

(nV) (Xj,Y1C)

=((Y- +2Vj,k -V+1,k) +(-Vj,k- 1
+2Vj, - Vj,k+1)

=((4,k - (Vj-x ++yk +Vj,k- 1 +Y,k+1)](3)
for all (Xj,Y)e-2n.
Poisson eq. Discrete Poisson eq.
-qu =f in me ((nV(x,y) =f(x,Y) (XiY)ton
u =g onGe I (x,y) =g(x,y) (x,y)= 2n

Stencil

shameinthe
Xi-i X;X+)



Agrid function V is called discrete

harmonic in win if

(LnV) (x,y) =0 v(x,y) tn.

em2 (discrete max. Principle)
If v is discrete harmonic, then

min v(x,y) = Vik = max V(x,y) (4)
(x,y) =22 (X,Y)t2n

for all (X,Y)+Mn.

roof For any (Xj,Y)tn,
(2nV) (x,Y) =0

Vik =NM,+V;,k- 1 +Vj,k+

-
min (j-,k, Yity, Virk-, Vi,ka)VI, max (Vj-1, Viti, Vicke, Vi,kai)

=>V has no strict maximalminima
in en

=>Max andmin of V is on 2n. B



Note: (4) implies that

max IV(x) = max IV(x,y)
.(x,y)tn (x,y)Gen

dry2 (discrete subharmonic (

If Luv = 0 in on, then

Vik -max V(x,y)
(x,y) t2n

Roof (Luv(x;,yx) =0
=>Vik Inet

+Vj,k- 1 +V5,k+16

and same argument as above. E
cry3 the discrete Poisson eq.
has a unique solution.

Proof.Decompose grid functions V =vE+vB
where

E v(x,y) if X,Y)
->U

VI(XY =o if(x) =Den



& vB(x,y) =G0 if(x,y)+2n

v(x,y) if(x,y)+02n

thediscrete Poisson ef. Becomes

VB. =g on 2-2n (5)

Ln(V)=f-Ln(v) in Mn (6)
nee

=- given

(6) is a linear system of v2eq.
and is unknowns. The linear
mapping (n:1*s RU is invertible if
kew Kn) =EVE (n(vE =0 inn3 =303.

vFcker((n) E) (u(vE) =0
↳

Thm 2
max IvEl =max NF =0.->>
In 22n

=>Ker((n) =20].
Es



ammal
Let v solve E LuV

=1 zu
v =

0 Crn

for some constant GA, then

- IVixl-
Proof
-

W(x,y) =2 x(1-x) satisfies (nw =9.
Not ·

((w-V) =0 zu

W-v = *x(1 - x) Gen

Thi 2 =>

mir(,)w-r -max Ex(1
-x) =max(8,0)

22n

If 920, then wo and

0cw-v
=8 imply that

-I =minw-q_V = maxW=-

din 8 ohn
8

If q10, then similarly, EVI -I
B



Team Letv solve (LnVt inan
ThenIVIInoA,

where IVIIn,: =max (V(x,y)1.
(X,)n

Roof Let w solve Lnw=11fIn,o du
W =0 22n

Then

(n(V-w)=f-Iflln -0 n

(v-w) =0 2n

Collar,i2 -w Imax (r-w) =0 inu

2n

6.
Lemmal (q=1IfIIn,)

- ~-w- inu

Lower bound.Consider -(+w):
(n(-( +w)) == H+HIIn,0) = 0 zu
-I+w) =0 an



-WutwiSubic
-I

-
- (v+w) =max(-x +w) =0 inn

ern

- vz -wi -1Alwinn
E


