
Lecture 15

Plan:Formal solutions of
DU =0 in (x,y)+

for 2D domains

1. Boxr =D
2. Disc re =0
3. Wedge= #

Boxproblem

qu =0 in 1 =(0,1)2 4u(0,y) =U(44) =0 02Y = 1

u(X,0) =0
u(x,1) =q(x) **
notefore



Ansatz:U(x,y) =x(x) (y).
Then Du =0

I=>*"(x)[(y)+INE"(Y) =0 E
=>-

=

=x(3)

for some X = RR.

Eigenval problem
-"(x) =xA(X) xt(0,1)

BC (0) =A(1) =0

where 410,4) =E(0)E(y)=0 + y=[0,1]I ->E(0) =0. (1)=0 obtainedsimilarly.S

Solutions:

xx =(kit)
2
2 *x()=sin(kTX) ke

second problem from (3):

E,(y) =(kπ)2 ,c(Y) 0xY<1

BC E,(0) =0 (from u(x,0) =0)



General solution:
kπY -KTYE,y) =a e t b 2 a,be RR,

& [(0)=0 => a =-b

Setting a
=1 yields
I

Exy) =e***sinh(kTY)

Particular solutions to (1).

4,c(x,y) = x)sey) keN

*,(X) -x(Y)

How to adapt BC u(x,1) =g(x)I
⑪. Assume g(x) = E8Sin (KTX).

⑳Formal solutions
u(x,y) =[cUx(x,y) =Ecsinhlky) sinCkx)

k=1

Then U(x,1) =g(x) =Ck
=

(k).



main

Consider AU(x,y) =0 in (4)

uxx) =g(x,y) on 2 of (5)

where -l =E(x,x)/x < p]
Gr =[(X,y))N+ =03

for some p>0.

⑳g
Easier to study(4) in polar coordinates:
x =rcosy, Y=using, r20,0E (T,i]

where r =Ryz (x,x)
x *

r ④
·0=arg(x+iY)) -

/

Define v(r,0) =u(x,y) 1=4(rcos, using)
PDE for V: knowthat
AV =Vxx +Vyy =4xx +4yy =0/



but how to express in for & eg?

X =VrRx +V, 0x =Vrlos -Ven
since

rx =2xy2E =E
=A

=los

&yz r

and
y
=using I Ex

=>0 =xSing + rlos. ox

=cosp(Sing +r0x)
=>0x=-W

Using above and ry-sind, by=-r
leads to Vy =Vrsing +V,
and
...

Vxx +Vyy = Vr+Ezy+1.
Eq (4) becomes
Vr+zV +(r =0(,) -(0,0x (π,π) (6)

BC: Viewsource (7)



#If v =v(r) Crotation invanant),
then 16) becomes Ur+EVr =0

or v" +V =0

Multiply byr:

(vir) =0 => vr =constant

=>V(r) =c, (n(r) + c2
sationof variables)
Guess v(r,0) =R(r) G(0)
(6)
->R"+RE" +RE =0 /
yields

⑰Rir) =-) =x (8)
-(0)

for some x = 1

Eigenval problem:
- I "(0) =xe(0) 0 =(-π,T)

BC (-T) =E() & '(-T1) =(T).

Note:1 -*"*d=1)E): do
SCE"d



=>x
=12

->General solution

I (0)) =a cos(25%) +bsin(AD)

BC =>A+ [0,1,2, . .
.
3

Eigenpairs:

x =k2, Ex(y) =anlos (k0) +5Sin(kD)

second problem in (8)

r2R!+ R! - k2R, =0 r=0

constant if k =0with BC Rx(0) = S 0 if k >0

(If Rild)O, then for some 4, FP21
X (0,01) =Rxc(0) Ex (41) FRi(0)E,92) =V10,92)
even if10101) is same point as (0,02).)

Insert guess solution Ric(r)=rP B =0,
yields

B(B- 1) xP +BTP -k24P =0
=>Bic =k 1 =0,1,...

Solution Rx(r) = rK K =0,11 ...



pilarsolution
Vi(r,0) =r"(ancosky +5,sinky)
Formal solution

V(r,0) =2 + ErlanCosky+B,sinka
2 IC=1

Adaptation to BC:

u =gonGr ->v(0,0) =g(y)y +(π,π]

If g(0)
=2 +

Eancos(k0) + b, sin (D)
k=1

then v10,0) =g(%) => Go =Go

= e
Example
4xx(r,0) +uyy(r,0) =0in r =[(x,y)/<23

B(: U(2,0) =1 +30320
nee
=g(0)

Go = 2, a z =30 0 =2 Yields solution
u(r,0) =1 + r2cos (20)4



adomain
14 =0 in =3 (r,0) locr ,0cq3
for some b >.

/ng
BC u(r,0) =ucr,) =0 or <P

-

u(0,0) =g(0) 0x0<π5

Guess solution

u(r,0) =R(r) I(0)

leads again to (8), Problem
-I=AxEk

Eic(0) =x() =0

with solution Ix10)= sin(kby)
xx =(kb)2 k =0,1..

and r2Ric+2 Ridr)- kbRis(r) =0 >O

with BC R,(0) =0



has solution

Ra(r)=Gro
=o

K- I

Particular solutions:

Un(r,0) =rb" sin(bk0)) k =1,2, ...

Formal solution:

u(r,0) =Erb* sin(bk)
Ifg(0) = anSin(bkg),

-bk
then u(P,0) =g(0) => ck =P am.

NB! Solution UI has low regularity:)

Er4(r,0) =Ewb sin(ba
=brb

-sin(b0)
So it bal, then

lim
vio r(r,) =-



Ex 1=1,b =3&g(y) =sin( 4)
gives solution

u(r,0) =223 sin(ED) 02511,010IIN

⑲corner singularity

For domains with 0 =I > 1 (b< 1),
PDE AU =0 admitts corner

singularities.
Also problem in L-shaped domains:

corner singularity* for some harmonic ux,x.


