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Let RcR" be open, bounded and
connected with piecewise

Unit normal n =(n,,nz)"g
c boundary Ge ↑

I defined everywhere
except points where

I boundary is not (1)

For any (smooth) f:--R,

Satx dxdy = Sat nids
Setydxdy =Semfreds

=>Divergence theorem:
For
any smoothvector field F =(Ior-IR2
I, dxdy-far the ds-
e

divF Foll



Consequences:

· For F = FU= IUx C this givesMy

div F =F.Tu=Du, Fon=tuon=-
I An dxdy=Sora ds&

· For F = vn, (We C
divF=F. (rFU) = tv.Fu+vDU and

Fon= vIu.n)=v

Jivsur EV.ruddy-Sor ds (1)

For VEI, (1) yields
Inudxdy=Sarends
Note:if Au=0 inre, then

So.ds =0 (2)

For v =u, (D) yields

I uDu+uR dxdy=Sands
h



valueproperty
Nation:X, Y,Z, x=(x,,x2) etc.

Br(x) =[y+RY (x-y)<3 open dis

center Ladius

⑭2Br =YelIx-y3
Thm (mean value prop
Ifi is harmonic in (Du=0inel,
then for any Br(x) <&,

u(x) =πr(eBrix")dS(y) (*)
e

val of
n atpointareof U on 2Br(x)
X

(Comment, opposite also true:foru=(2(51), (*)=> Dn=0)

Roof Define
E(r= =r(u(y)dS(y) r>0

2Br(X) *(y)
Note that for
y=2BrIx), nM)=x



Change of var:
Y=x +rz, z =2B, 10):

=>dSCY) =rdS(z)

E(r) = rbrz) 4dS(z)
So

I'(r =2) ErU(x+rz)dS(z)
2B,(0)

=eif Yu(x+rz). z dS(z)
2B,(0)

=rJerIxVil).d3(y)↳

n(y)
=2r(BrixUNY) dy =0.

=>[(r)= lim E(r)
F-sO

=lim (a,+ rz) ds(z)
-

1-0

=u(x) +e3, (4(X + rz) - u(x)) dS(z) =UIX



Corollang
-

If u is harmonic in , then

U(X) = I u(y) dyir
Bri

for any BrIx) <2

Proof: Change of variables

B*GY =x + (PCast, print), or, of [0,2π)
rei

=>Sa***YJ u(x+(Plost, psino)) dOd
-
=2TE(0) =2πu(x)

-24(x)
=Hrux3

Let (o(-)= =\u =((a)n((z) (Ula03,
We define onCo(r):
· inner product (u,V) =(u(x) v(x) dx

·andoperator (byLu = - Du



Properties
-

· symmetric
<Lu,v) =(u, (v) =u,v= (-(x)
As LLu,v) =(etbu)v dx

=Inu.Fudx+Sands
=O

=JaUtar) dx

· Positive definite:
<Lu, u) = 0 -u t(8(x)

&[(u,u) =0 -) 4 =0

As <Lu, u) =1tbu)udx=/I8udx
↳O

and iftu=0, then u=constant =0 as Ul".

Theorem
-

The Poisson eq. Lu =f in with
Dirichlet bd u =0 on 2-1 has at

most one sol in Co (1)



Proof
-

Assume 4,v- C(e) both are solutions,
meaning (u=f & Lv =f.

Then Lu-v) =0 and (n-v) +10(1)
implies that(I), (u-v) =0 1

=O

hence u =V.
-


