
Lecture 17

pottiesofLi

continuous domain

I Discrete
domain in

& Points

I(x),Y,) =(sh, kh)

I
-

x =E(x,y) 10cx,y< B3 1=[(X,ti)
( 1 =j,k

it =[(x,y)(0x,y =B
=E(x;,y)(0-3,k =n+13

Gr =- -win-
Poisson's problem:

I
Discrete Problem

Find Ut(8(-2) s.t. Find Ve Duo S.t.

Lu = f in oh (1) (2n4(x,,Y,c) =f(x,,tic) in in (2

where Du,o=EV: In-R/ von03
and

(Luv)(X;,Yx) =h [4Vsix - (Vit1,k +Vj-1,1 +Vi,x+1 +Vik- 1)]

-hi(-(it,-Vj,) #(Vj,-Vj-1,x) - [5,kt, -V,,) +(V5,-V;,-1)]
Goals:Olh symmetric and posdef on Duco,I (② couv rate of Vinuxi) as neo.



Inner product on D2,0:

Su,v] =
=h uskVjik U, V eDuo.

j,k=1

Properties:For any u,veDu,0

(u,v3n =[V,u)n(b)

Kj-kVj, =YoYak,,V2iK ++ Vn-yknik +Un,
-Yr, Kirk

and,VkUj,k=Yt,k4i+k
=>[4j,-4j-1,1)Y, iti,k-4;,)Viti,x(4)i =1

and, similarly,

(45,1-41, k-1) Vj, = (4j,k+1-4j,x)Vj,k+(5)
k=0

ma
a) The operator In is symmetricon Duo:
<Ln,V, =<u, LuvDu Fu,vt Dn,0

b)andIn is positive definite on D2,o:

<Lan, uDn = 0 F UeDuo with

(1u, ubn =0 E) UEO.



Roof
a) <LU,)= [(Ust,x - 4,,x) (Vj,1)+(kj,x -4j-1,1)Vj,1

k=1j=1

+E, (4j,k+- 4,,x)(-Vj,) +(nj, ..-j,1) Vi
(15)
-

[ (4,+1,1 -4j,x)(Vj +1,x -Vj,k) +(4j,k+1-4j,k)(Vi,k+1 -Vj,x)
J,k=0

Bydirect calculation, also

[LuV, n) n =(4jt,i-4j,) (Virgin -Vik)+(Wj,ke-Uj,ich (Vi,in-V,)
j,k=0

Hence (Lun, v) =<Lur, u)* (4,Lav)

b)
[Lur,Dn = (it is-4i,k) +(4j,k-1-4j,0,

j,k=10

and

(Lan,n) =0 =4j,k =4i + 1,k
=4j,k+1(2jkan

=> =constant and

constant =0 as 4j,0
=0

B



Eestmatecene
Luf in

and let veDno solve

LnV =finden forgiven hi0.

Consider truncation error

In(xi,yx) =(nU- f) (x;,xx)
=

a+xy,y),x) +0(h)
It holds that

max

(xY)En
Itn(x,y)) - a

where

2 = max I max⑭Ex/xyx,x))
and
max 1u(x,y) - vix,x)) = (6)
(XM) tth



Proof of 10): ↑

Let e(x;,Y):=U(xsi, yr) -VIxit) (Xjitr) -n

then e-Duo, and a solves

Ine =hn-LV-Lix-f= In . in hn.

Bydiscrete max-principle (Lecture (4)(
Helln,-I,

B



Fourier series on [-1, 1]:

Recall (Cos(kTx3,UESi(r4x3, is
orthogonal with respect to inner product
(u,v) =(_,u(x)v(x)dX /Exercise 3.15)

and Fourier series of 7: [1, 1]+is

f(x) - + Elan(kx+buSin(kTx)
where as= [f, (os(kix))

bi =(f, sin(TX)

~"Il denote".Fourier seriesoff equals".wr

Truncated Fourier series
N

Sw(f) ().90+ [(an(o(kTx) +bxsin(kTx)
k=1

Note -- Solf) and it does not allways
hold that f(x) =SgH)(X):

Ex For f(x) =x, one can show that
I

an =(,(y(kx) x dx =0 &

bx =1,sinkix) xdx =i t1)**yielding
f(x)t)"* sin(kTx) =Solf)(x)



Note that f(-1) = -1, while

Salt) (l) = t)".sin(o) =0
m
=O

Will nevertheless latershow that

1,((x)- SwIf(x))"dx -O as Nex.

A clue to whyf(DASg(I) follows
from periodic extensions:

Any functiont:EID has a unique 2-periodic
extension for ont s.t.

ferlx+2) =foerX) x x x1

For f(x) =x, we get

f - fier
Per

neeti
-Sof

I
D ⑧

while Si()(x) =(-)** sin(kTx)
is 2-periodic byconstruction.

And Solf)(-) =+f() = f (i) when fH)tf(D).



today:
· Properties of Sylt): even loudparts, differentiation
· Next lectures:mixed boundary val problems,
convergence splf)of (when and how does it

hold?)

wasthe following regularity for f:

inition for EIDis piecewise continuous

if it is continuous at all but a finite number
of points (xi3, and all limits

lim f(x = : f(xit& lim f(x) =f(xi) exist.
X*Xi x bX2

N A(x,+)

D

f if
- fixstIn
I I I I -S

0 X, Xz x3 I



f is called even iff(x) =f(-x)
and odd iff(x) =- f(x) xxE1,

Ex
-even:1, x2, x", . . ., (o(k+x)

odd:x, x3, sinkix)

werty If this odd, then
f(x) - & bi sin(kx)

k=1

and if I is even, then
f(x) -

+E,an(o(kx)
Roof odd f:

a=1,f(x) (os(kx) dx

=1,f(x)te+Sof(x)(o0kix) dx(y=-x)
=JEKIY) dy + Sof(x) (os(kTx)dx

=

- f(y)(r(kity)

=
O

⑬



For a function For 2011with sine series

Ebsin(ix), x =2)F(x) sinx) dx,
withoddextension on [1, 1:

xe[o,D+(x):- x =[- 1,0)

Then I is odd and
Solt) = Eb Sin(kix) with bisB as

bx =(!f(x) binckxx)dx =2].F(x)sin(x) dx
=>Solt)=sine series ofF:flcis (when this oddl

Application:Let t =signix)=G_, *
Then I is odd extension of

-f(c = 1 x=[0,
bk

Doe
I
-

I has since series I +(2)-1)
sin(RK-1)TX) Xe(a

K=1

=>Sign (x)- EitSin((2x- 1) (x) xefl



Similarly, if I is even, then
Solt) =cosine series of floris -

rem(differentiation of Fourier series)
Assume that ft (([11]), f'is piecwise
cont. on [1,1] , and f(-1) =f (D). Let

Self)(x) = +E(anlos (k4x) +bsin(kTx))
and

Sp(f)(x) =2 +E(4x(os(ktx) + Px Sin(ix)
k=1

then 20=0 and 2x= kHb K = 1.3Bx = - kπa

MeansthatHix)=eee
2, =(!,f(x)cos(kx) dx
=[f(x)cos(kx)].! +ki (if(x) sin(x) dx
=+)-1)) +kibi



Bis computed similarly.
E

A

cation

For f(x) =(x), let us find Sc(f).

Since f(x) =signix), we know that
D

solf)(x) =[- Sin ((2k-1)πx)
π(2k- 1)

1=1 ne

Bek-

- B2K- 1 -Then G2K=-=-
+(2k- 1) +2(21-12

and ao=1, idx =1
D

=>SpHX=- cos(2k-1)πx)
+2(2k-1)

2


