
Lecture 18

Plan:General Fourier series &
Sturm-Lionville problems

For Ut =4xx x+(0,)), t>0

ult,0) =4(t11) =0 t >0
3

Ansatzucx,t) =(x)TH) leads to

eigenval problem (thatwe can solve
-I "(X) =xX(x) x +(0,1)
*(0) =A(1) =0

Extension to other Dirichlet BC:
Vt =Vxx

v(0,t1 =a, v((t)
=b

=>V(t,x) =ult,x) +all-x) + b xis solution

(See Exercise 3. 11)

For mixed BC

Ut =4xx

u(0,t) =0, 4x(1,t) =0 t >0,
3(z)

leads to eigenvalue problem
-*=x*(x) x+(0,1) (3):L 3
* (0) =0, '11) =0



Generalization of Fourier series: we
seck orthogonal nonzer sequence &,(x) k =10,1. -
-

solviny (3) (being eigen functions of 1),
That is: (*, *m) = 1.x(x) *m(X) dx =0 if k=m

First observe ! -*"(x) *(x)dx =xS(xx))-dx
11

S. (x72dx S.Yx
* E0 &*(0) =0 = E0 =3 X =

dx"
General sol:*(x) =c,(0s(Wx) +crsin(x)

*(0) =0 =C =0

0 =A(l) =c2A(os(v)

Set (2:1 Canyvalue 0 is OK). Then

Cos(Vx) =0 => 5 =(k +E)π,k =0,1,...

And Di =(k+E)T2, Ax(x) =Sin((k+)Tx)
are orthogonal eigenfunctions of 1:

Xi [Ex, am) =<LA., EmD
=[Ex, L*m) (integration byparts)
=Xm (E,m),



Xi FXm -> (Ex,m) =0.

CLE, *m3 = 1.-E"*mdx
=Ei*m]. +1. *is*mdx
-(*x(*m") dx +(Exm].

=[An, (em))
Particular solutions of (2)
Ux(X,t) =TsHt) Exc(X)

=e-(k
+)π2t

Sin((k+)TX) k =0,1,...
-Det(since Ti=-AT has sol Trlt)=e C

-

Formal sol of (2):U(x,t) =[ <rUx(x,t)
k=0

where an is determined from
boundary data. If u(x,0):f(x), for example,
then

Ck = )
[Ex,.



See Ex 8.5in TW for solving
-

=A* with robin BC

* (0)=A(0) , (D)=-*(1).

Sturm -Lionville problems

erextensionof heat eq:
at =(pux)x - qu x+(01), tx0(4)u(0,t) =Ull,t) =0 t0

u(x,0) =f(x) x =(0,)

for known functions
P=P(x)=a >0

q =q(x)20
xeoD with piqt (((as); (5)

Obtain particular solutions of (4) by
ansutzu(x,t) = T(t)*(X)

=>I = +q(x)*(x) =X
E(x)

Eigenval problem:seek & =(2110,1)) -303 s.t.

A+q* =xE =x +(0,1)(6)
=:LE



(6) is called a Sturm-Lionville problem

(with Dirichlet.o-valued BC).
Itholds **,=(810,1) that

(a) <LI,) =(*,L1) (symmetic)

(b) (LI,) = 0

with [LA,1) =0 E) A =0 (Pos def.)

Proof of (b):
[LA,E) =S.-PE' +qdx

=Ardx-*St Six(Ydx

a)((x))2dx =a<x,*4=0
And (A,A1 =0 &*10)=0 E*=0.

Consequences:
· If (,, and (m,Am)
are eigenpairs of 167 with xxF Xm

then (AK,Am) =0 as



x [An,*m) =[LEx,Am] =[Am, Lem] =xm [Er,Em]

->(x- xm) (Eim) =0

· 130 in 16), since if (X,E) is sol, then

X(,) =<LE,) >0 (since *E0)
=>x =E* 0.

Ihrem When 15) holds, there
exists solutions (11, Ex) to (6) with

"

0>, <12< ..., hisok=
and an orthogonal.

Ex When p(x) =(1 +x) and q(x) =0,
then -(ix) I'll =X*

X(0)=-(1) =0
has solutions

Exx) =(1 +x)
-

sin[ky*S
Xc =() +I . (See Exercise 8.15)


