
Lecture 19

Let 5.=Ef:(a,b)- R If is piecewise continuous
and for figep, define
· (f,y) =(,f(x)g(x)dx
· (almost) norm

11+11 :=( =dx
and mean square distance

ne

r 1
If -g( =((f(x) - g(x))dx
It holds that

a) 1xf1 =1) (f)) x xtR & fe4

b) If +g() -((f)) +(g)) x+ ,gtP (will show)

c) IIIand

10text
for

most
all yeaste



Asequence (fibre,P
is said to converge in mean square
sense (MSS) to ftP if

him Ifr-fll =0.
N-

Example Let [a,b] =[0.1 and

fax) =xN.Then tw * ==0 in MSS,

since 1/fr-oll* =S.'Hol)dx=S.'x2* dx
+ - 0 as Nex.

NB! convergence in MSS is not
equivalent to pointwise convergence:
For example, fol)A0 Pointwise forall x-4,B,
as far (l) -> 1.

Emmal (Cauchy - Schwarz ineq
Iff,gep, then

12+,g)) =(f))(Ig)) (1)

Roof If f(x) =0 for almost all x-(a,b]S
Amen (1) becomes o0, which holds.



Assume next IlflI>0 and let

p(t) =
=((t f(x) - g(x))-dx for tR

= -2]f(x)dx -2t)f(x)g(x)dx +1g(x)dx

=E1fIR-2t<f,g> +ligI
Note:P(t) is nonnegative, second order,
strictly convex polynomial in t,with
roots

tI = Egg (2)
11f112

P20+ strictly convex ->
EITHER A):0 has one real On B): P<0 and P hasdouble roof totiR complex roofs t1 -> K

IX - PinA)
- Pin B)

ofet
Implies in (2) that

KA, g312-lHIR lIgl => 0

and (1) follows, B



Use of Cauchy-Schwarz

rationof triangle ineq: For fig+P

(If +g( =[ f =g,f +g5
=[f,t +2(f,y) +(g,y)

Cauchy-Schwarz
IHIR = 211f1)11g11+lIgl2
=(11f() +11g(1)2

Taking UTof ineq yields

11+g() =(f)+ 1191).

Poinequality
Ima2 Let +=(((a,b]) satisfy that

f'is piecewise continuous and f(a) =0.

Then 11fll=E* It'll
Roof For

any x=[ab], f(x) =# Saf(x) dy.
=O

=>Hf(x)=(Sa1 f(x) dy)=(Ja Ica,x") f()dY
-Ksax,f1



where H2n,x(Y).=6 ye(a,x]
y=(X,b]

By Cauchy- Schwarz

If(x)12 = 11Isaix] ll" llf' =(x-a) 1If'll?as

Il Icax I=Sa*cay dy =S,"b dy =(x-a).

Hence HIfI=YHIx dx
< Sa(x-a) dx. 1If'll2
=(a)I'll

Es

swingof energyestimate

Recall that for Ut=Uxx t0,xt(01)

u(0,t) =u(lit) =0 t20,

we showed for EHt:=J0'U"(xt) dx
-

that ECt)=-2 Jo 4,(x,t)dx =0, (3)
and thereby E(t) = E(0) -10 e

Sharper upper bound E(t):
Since u(0,t) =0 and U(it) -C2,
Lemma 2 on [a,b] =Ca,yields



Elt) = S.Ux,t)dx S:'ulx,t) dx
- Elt).

Herre Elt) = = 4 E(t) 1.e4t

- (e**E(t)' =0
-> ECt) = 2

-4E(0) t0

and him E(t) =0.
t0

GFourierSeries
Consider I on interval [a,b]

Do For a sequence \A,3* CP
k=1

that is orthogonal (Ex, Em) =0 ktm

and non-zero 11. FO UK, and for
any fep, we call

Sg(t) =EF En

the general Fourier series of to
-

Let further SNCH):=E,CEK,



Examples
· Sine series on [a.D *,*)=sin (kTx) k31

· Example 8.5 TWon [o, x(x) =sin((k+E) ix) K20

·Fourier servers on E1, 1: IoEl
X

3=Sinis

peeofgeneral Fourier series

For anyfunction on the form Pi=,is, sit,
itholds that

=rainin
ane

(4), since

-, jak [Ej, EK) orthogonality)

=

llE

Emma3 Let f-4. Then for any
function on the form Pr= anEx XtIR/



itholds that

If-SwIf), Pr) =0 (tgorality)
Roof If 1K IN, then

<Sw(A), Ex) =w,*j,ei)
=

,;,Ex
= (k (Ex,Ex)

=[f,Ei)

Hence (t-SwIt),Ex) =0 for x=1, 2, ..., N

and by linearity--Sw(f), PrY= <f-Sr(f), ,***1)
N

=[x*)1=1
=O

=0.
B

Taking PN =Sw(f) in Lemma 3

Yields (f-SwIt), SNC) =0

So It-Sw(f)) and Sw(f) are orthogonals



and with Pr =SN(f)

It, SrCt)) =lISnCf)III, III.
Orthogonal decomposition
f =Sw(f) +(f-Sw(f))

I-
↑-

-bre
Sw(f)

From

11f1 =<Sw(f) +(f-Sr(f)), Sn(f) +(f-Sw(s)]
=11Sw(f) 11+2 <f-sw(f), swIf))+1It-SNCHIR,
ne

=O

we obtain Pythagoras therem

17112 =11Sw(f) IR + 1If-SwCAIR NII,

and mean square distance (squared)

0- 1H-Sw(f)(=11fR-11Sw(f)IR
=11fI- 1,112 (5)

k=1



(5) =>cllER= lIfIR for all N21

and him.N- yields
E.GIIERI lIfIR (Bessel's inequality)

Result: (5) => lim Ilf-Sr(f) 11 =0
N+x

it and only itParseval's identity holds:
E,CllEll2=11fI2

Examples
Fourier series on [1, 1:Let ft) and

-

Selt) =H+ [ancolKx) +bsin(kTXk=1 e
e

e e
X X

co o C2K -2k Cek-l -2k-1

=(k*

11Xol*= S1, Pdx=2, HQ.ll* =1

Bessel's ineq:

EclIXR =2c+= IIf
k=0

or +ai+bis) -> S, fi(x) dx



For Sine series on Ca,and fee, we have

Sp(f) =I c,sin(kTx)
k=1 en

Exs(X)

l*k = S'sin(kTx) dx =E.
Bessel's ineq:

EGlIX2 = lIfIR

-> ,= 26' fix) dx.

Application:For f(x) = xon (011], one has

(x =2f,sin(kTx)) =I
andSylf) =E,C Sin(kHx)

Bessel's ineq
D

Ea =i = 2S dx =s
k=1

fix)

=>ie


