
Lecture 20

Let P:set of piecewise conto functions
on [a,b3

For [fr3<P and fee, recall following
types of convergence:
· Mean square sense (MSS) on [a,b] if

himIlfo-fll=0, where liflaxa
· Uniformly on (ab] iflimlltr-fl,
where IIflg =sup H(x))

xt[a,b]

· Pointwise on open/closed set Ic[amb] it

him folx) =f(x) for any x-I.N-0

cor equivalently himolfw(x) -f(x)) =0)
fr(x) =eNYconverges in MSS to f =0

on [0,1 -
-2N

Ilr-fl Ile-*- ddx = 1-2
-- O as N-D.
2N



And since

limfo(x) =Mime= iats,N-0

to converges pointwise to f(x) =E0,E
And also uniformly to F on [o,i as
sup (e**- F(x))=sup 1e-W/ -0 as N- 0.
xf(Oi xt[oi

Ex
Let =

- I X - N-1
fr(X) ENX x = (-N-,N

- 1)
I XN-1

fr X

fan.,
Let f(x) =G6 x

X =0

Then fritwisef on EIB since

tro)=f(0), and for any x- [-1,13-303
fox) =f(x) when N = 1

IX) e



And IHw-fI =In, (Nx+Ddx+JYNx-3dx
=2S."(Nx-Ddx =2N-'/'(y-1)dx
TO as N- 0

So for of in MSS on EID

But Ilfw-flo =fw(x) - f(x)) =1
for any Ne, so for does not converge
uniformly to fo

Properties
--

Uniform (our -> Pointwise conv
and MSS.cour

Roof Let Etr,4satisfy
1lfr-fIx =ab/fwIX-f(x)/-0 asNeD
for some fel. Then for anyx-(amb)

Mis(fr(x) - f(x)= ltr-flo =

0,

andyfr-fl=S,1r(x)-f(xdx=lr-fll(b -a)
-O asN-p.



pieconvergenceseries

SN(H(x) = +Ean(os(kTx)+b,sin(kTx)
with an =S.,(0(kTy) f(x) dy

bis =6! sin(TY) f(x)dy

Alternative representation:

Sw(f)(x) =1,[E +x)+sinCkTY)sin(kx] f(Y)dy
(os(kπ(x-y))

= J! [1+2E,cos(x-x))] f(x)dy
= J, KrIx-x) f(x) dy,

where kn(z) =
=1 +2,10(kTz)

is the Dirichlet Kernel. Properties:

I], kr(z)dz =I 1!1dz =1 (D), and using
kN(z) =1t 2CoS (KTz) =1+ eiKt+iKTZ

k=1 k=1
N

=[eikz =(einz) S

I= N I=- N

one can show that



kN(z) = 2N + 1/ z =0,12,14,.. .

[Hz), otherwise 3 (2)
l lLet P denote the class of piecewise (

functions on [1,1): f-B there

existsa finite number of points - 1 =x0 < X, <.. (Xx+= 1,
(singularpoints)

l
such that fe (((Xi, Xiti) ( and limits
f(m(xi+)=him fix), f(xixit =(x) existX&Xi

for all i =0,1 ..., k and 0m_l

Ex. f(x) =(X) belonge to c forany 120

f -c((40)) and f-c((0,))
with f(0) =0, f(01) = 11,

M41)=0 for m32.
-

· f(x) =sgn(x) =4" for any 120 with

f -ce(0)) and f-((10,1)), with
f(01) =11 and fM01) =0 for m.x 1.



Theorem A Let feD'on [1,1) and let
--

for be its 2-periodic extension. Then

him Sw(f)(x) =-+foerxt) rxeflDN-0

Roof for simplified setting with fet?Let x- G1, 1.
By (1) - (2) and KN(z) symmetrics

Sw(H(x) - 2(f(x+)+f(x-)
=IJ! kw(x-y)[f(y) - =(f(x+) +f(x+)dy

[EX
=1X

-1 - x
kw(z) (f(x+z) - I(f(x+) +f(x+)dz

=],kw(z)(fper(x+2) - (f(x+) +f(x+)dz
=Atfper(x+2) -f(x+]dz +I/kwIz)[foerlx+2) -fIxAdE

- I
r -

Let
-It ·-In

0 :Z0<z1 < .. . Entitl be singular
points of fer (x+2) on 2 - 2011

Then n Zjt

In =2/ sin(+)iz)()- f(x+)dz
j
=0 Zj sin(z/27e

==g+(z)



- ([e(N)gHz]+(n+)+z)gI(z)d
->O as N- 0,

.3

using that I is piecewise (2 so that
per

sup 180(2)) < * and is 11(2)) <0.ze(01]

Bysimilarargument, also In->0
B


