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Truncated Fourier series for for [1,D:

Sp(f)(x) =2 +EanCo(kTx) +bSin(kTx)
with Ak = 1, f(x) (e(kTx)dx

bx =0, f(x) sin(kTx) dx

m1 Let f=(((1,1) with

fH)=f(I), and leff'eP (piecewise cont.).

Then Sw(A) converges uniformly to f on [1,1].

Roof Let fper be 2-periodicextension of
f from EID to IR. Then for *C(R) since
f- (([-1,) and f(-1) =f(D).

Since fep", Thm 1 in Lecture 20 implies
that for all xe[D )=f()
N-0

SN(f)(x) =f+fperxt-lim
- fl.

Hence So(f)(x):f(x) ox (Pointwise cour), so

# - SwIf) = SpH)-SNH) = anCos(kTx)+bsin(kIX)
k=N+1



=>IIf-SwIllo-SEE,s IEN,a (oskTx)+bsin(kx)/

Elan)+Ibi)wasNe
remains toshow

O /
k=0

Let a=1,f'(y)cos (kTY)dySkπ bk 3,
k =1 (1)

Bi
=1!,f'(y) sinCKTY)dy E-KTan

*LECTURE 17

SincefeP, Bessel's inequality yields

++Bi = S!('(y))" dy <a

By(I),

(a) +(bx) =(xx)+ (Bist)
k=1

ICacheSchwartz)(Ae
↳I -

2(x,2 +Bi)

-Elai+ is)

D
I'll FN11

->[lanbi < 0
k=1

=>laulb to as Nex

k=N+
⑤



Example.For f(x)=/X), we have fe (((-1,1),
f=sqnix) tP and f(-1)=f(D). Theorem &

applies:lim ISNC)-flx =0.
N90

· For f(x) =x3 , f- (([1, B) and f'EP,
but f(-1) Ff(D). But [Thm1, Lecture 20]

(Pointwise cour) applies:80(H) (x) =tofper(x+)
Particularly:
So(f)(-1) =-fer(t)= =0

so
solf) (( X

e·
Uniform convergence does not hold

since Sott)(-1) Ff(-1) so

lim ISw(H-floz lig(SwIflt-fl-Dl=1=0.
Ne0



-squareconvergence

Recall that uniform con-> MSS convergence

Means that when theorem I applies,
conv in Mss also holds.

But cour in Mss holds under more relaxed

regularity for fo

m2

Letfelt on C-1,D. Then
Salt)=>f in MSS as Ne0.

ofproof:
Letfper(*) be 2-periodic extension offfrom
E1, 1) for R,and forany 8-1011), let

fg(x) = =s) foer(x) dx x+R

Properties:
· Ilt-fgl=J! Hix-fgdx- 0 as 850 (2)
(Exercise 9.17)

· fo is2-periodic

· f(x) =(t-fperlx-1+



=>to isdifferentiable and

fsis piecewise cont. Since fper (X=8) are!both piecewise cont.

=>fj((((1,1) &sincedifferentiable) fgt).
Theorem 1 applies to fg -> Couv in MSS:

lim ISp(fs)-foll =0 (3) forany 30.
N->0

Bylinearity, Sw(t)-Splts) =Swlt-fs),
and Pythagoras the implies

IISNH-fall= Ilf-fall --sult-fa)
SN(f-fa)

Hence

11 Sw(f) -f(1 =((Sr( -fj) +(SwHg) - fs) +(fs -f)()

<21fj -f() +11Sw(s) - fall

=>him ISr(H)-f11= 211g-fll+lim 11SwHg)-fall
N-D E

-0

=>lim (Sw()-fll( gmalfs-fll =0N-0
B



Recall Parseval's identity
SwIt)--f in MSSE+bis =11f(*)

Gary1 (Thin 1Parseval)
Iffep, then (*) holds.

Example Recall that f(x) =x on (0,i
has Sine series

D

So(f)(x) =E, 2 sin(kIx)
e
=bk

Odd extension off on E111: f(x) =x
with Fourier series

&

SoC)(N) = 2,* Sin(kTx)
Since FtCK1, D), Corollary1=>

=HFR=1,*x=
=>I=I

K=s

#For f(x) =signix), f-Pon [DB,
0 4

spot) =3 - Sin(2K-DTTX)#(2k - 1)k=1-

bak-1



and corollary1,
, =J, (signix" dx =2

=>Ey=-

essoff and decay of san3, 5b13

CorollBy any I iffee, then

ai+b=1fl.
This implies that him k(an +bi) =0

K-0

Infact, the smoother f is, the faster
Ea+bi3, will decay.

Let

28 =2+-(h((- 1,1])(f"(- 1) =f() j =ay . . .,mis

If f =>C8 and fep, then

S-(f') =E,xn(e(k4x) +BKbin(kTx)
with GikTbk,Bic =- kan (Lecture (7)



and (or1=>

+Bi=lIf'll
-> Ekla+bi)
-> lim kY(a +bi) =0.

1- x

Theorem 3 Let f- C" and fm-P
foran integer m21. Then
D

Ik2m(a + bis) =T-2m(If(m)/)2
k=1

where as by are Fourier coefts of f.

Roof Result holds for m=1 (showed above).

Assume resultholds for some m = 1, and

that f - (M&f(m
+1)
=P.

Then f't C* 2 &*f =f(m+)-P, so
dxm

it holds (byassumption) that

&im(x +Bi?)=Illk=1

where x, Bu are Fourier coeffs of f', so that

ak =Tkb,and Bx = -Tkak



=>&,2(m+1(a +bis) =A
k=1

Result holds by induction
E

Example For f(x) =sign(x),
⑧

Splt) = I - sin(2K-1)πX)4(2k- 1)
k=1w

bak-1

As fep, Cor1 =Ebis=1H,
while i = =

0.
k=1 k=(

Does not contradict Theorem 3 as +KCP.

Exam f(x) =(x) satisfies f -CP2
I' =Signix) - P. andS

solA) = -2, hsil"cos(R-TX).
Theorem 3 =>
*

I -a = ==
k=1

=>Ent=I (as we know from
earlier example).



will need in next lecture:

emmu1 If EfwY ((a,b]) andN= 1

him 1lf-fulloo=him sup I(x)-fx)) =0
N-0 N-5 X- (a,b]

for some f:(a,b]-1, then f -(((a,b])

Proof Given so, let No*N be such that
-

Ilfro-fI1<. Since trot (([9,b]), let
&30 be such that

Itwo(X) - twol)/<E whenever 1x - y)<S

Then

If(x) - f(x)=(f(x) - frox) (t(fwo(X) - fwo()) + (to(y) -f(x))

=21H-twolls += I t

Hence for any t30, we can find 830s.t.

If(x)-f(x)) < t whenever (X-46.

Es


