
are22

showed last lecture that

IffeC"and fire)with Fourier couff sai, Ebi,
then --2M

[12m(a +bi) =11 If*IR.
k=1

Near opposite result:

Im1

a

If PrIX):=+ [an(os(kTX) +bSinkTX)
k=1

with Ex2(an+bi) < s (1)
k=1

then If- C" (possiblynotwith f(m)-()
(2)

St. Pr-fill for all 023 2m-13
uniformly as i- x. (And S0(t) =Pa.

Proof Two parts:(for m=1
-

② induction for mx1.

①m=1. For each x=EB, [Pw(X)3NE,is
a Cauchy seq since foranyM>NI),

IPm*- PwIxil = lau)+(bu) = e"((ant(b))
k=N+1



-(Enz)(E2K2 is +bi))*
k=N+1

weare
-> O & TO

both as M,N-0.
=>pointwise convergence

lim Pr(x)=f(x) x x =(-1,1
Nex
e
we call limitf(x)

Convergence is also uniform.

Ilf-Pallo =11PG-Prll= lan+1 bia
k=N+1

again (I iz)* (Er, (ai +bi))k=N+ 1

TO as Ne D.

Since Pat CP for each
NI, Lemmal last lecture -> f-C(E),
and

f(x) =ligPrl) =limPrt-1) =f(-1) => f-C.
N-0

Moreover, Emitewhy?
If,cookTxD line (PN, CookTx)) =an =>Solf)=P
If, sinCKTx) = <Pr, sinCkTx)) =bin



Part :
Assume

results ((1) => R)) holds for some mal, and

that &k2mb(an +bi) <0.
k=1

Then QuIx): =Pr'(x) =& an (o(kxx) +Bicsin(kTix)
k=1

with 2x=k4b, Bx=-kitak .

Hence

k2m(x +B) =H2, k2m* laibial ,
-> uniform convergence to getwith

(s)
Qu =pt -> gis) for 0; <m-1

know from assumption that for some for
Pri) -> f(x) uniformly for 023 =m-1

(j+D
->g(s) =Px =f(st1) for 0_j (m-2.

That also y(m-=f(m) follows from
Lemma 1 (with fr =Q- so fret)
The theorem holds by induction. B



Lama! Led EAw3<C'(Ca, b]) and
let there be functions fig - ((4,531
S. t.

Ilt-fully0 and 11g-fillet 0 on [a,b] as N-00.

Then f- C([a,b]) and f'=g.

Roof Suffices to show that (byFund. thm of calculus
f(x) =f(a) +S,g(y)dy.

Using that fo(x)=for(a) +1, twly) dy, we obtain

If(x) - fw(x) =((a) -fr(a)) +(,1g()- fwhi)) dy
S

<Ilf-fullg + (x-a)118-full co
=>

sup If(x)-fox) => 1lf-fullx+ (b-a) 11g-fille
xt(a,b]

-> O as N- D.

E



wereof formal solutions

For Ut =Uxx xt (0,1)

u0,t) =u(lt) =0 t2O

U(x,0) =f(x), xt (011) +(3)
with truncated sine series

Sw(f)(x) =E,(sin(kTx)
and truncatedformal solution
uN(xit) =2 ce

-*t
sin(kTx)

k=1

-Fouriersins,
If we seek cont. Sol. U(x,t) on [0,1xC0,00),
then 0 =U10,01=lim f(x) and 0 =U11,0) =ntix)Xb0

implies that f(0+) = f (I)

Let F(x) =G1,* **401 Codd extension)
x =[- 1,0)

Recall that

Sr(f)(x) =E,crsin(rx) FN= 1

ne -
Fourier sine series of f
series of I

regu

Convergence of Salt & UN depend on
regularity ofF.



Example

FEC8 (on[1,1) E> f-C(0) & f(0)=f(D) =0.

Using that I"(-x) =t1 i*+(X) for x= (0,

one obtains

I =(YE> f = (m((01]) &E f(zi)(0) =f)(1) =0 0-2: <m

actionI and f:

Let (n =2 + -(m((a) (f"( =f(x) =00-2i =m],
then it (% E> It (*

18 can be viewed as set of all odd
functions in CP.)



rem2

Let Sclf)=Ecsin(x) and meN.
i) Iffe Cand fMeP on [oiD, then

&,2m( =24 -2m()f(m)/)2
k=1

(Follows from Thi 3, Lecture21)

ii) If EK*c<A, then fed
and Si(H) miornly ((i) for 02; <m-1

(From Thm1, this lecture)
N

-k)t
Connection to U1,t1 =[ cn e Sin(KTx),
e

k=1 a

-:(x(t)

i) If u,t) = CY, and (2,491.,t1)-P,
then Kim(t)" s*
ii) it , km())< 0, then
u8(t) =(* and

uniformly;UN(,t) -> Exillyst) for oxi <m-1,
*

(where 4(x,t) =E, Exlt) Esin(kTX) 6


