
↳23
&

Heat 2q.

Ut =Uxx x t(0,1) , t>0

u(0,t) =4) 1,t) t ?0 3 (1)U(x,0) =f(x) x = (01))

Truncated formal sol
N

-(k)t
uN(x,t) =3 cr e sin (KTX) (2)

k=1
e
=:((t)

C=[, (0) =2 So'f(y) sin(kTY)dy.
Will show: iffep, then no solves (1.)
Recall:C=2ft (*(01) 1f"(0) =f(/() =0,012; <m3,
where +-> F =CY on [111].

Le

odd extension

mI
D

For fixed two and [CH in (2),k=1D

if Er :m[t))
2
< 0, then

u8(t) =c and

uniformlyUN(,t) -> 2,44,t) for oxitm-1,



where U(xit) =CxH) asin(kTX).
-

To bound Ekme-muts later, we need:

Emmal let a,b>0. Then there exists

a constant M30, depending on aib, such
that

0 xae-
bx= M =x 10.

of Let g(x)
=xe

-bx

Then g10) =0, g(x)0 = x =(0,0), and him g(x) =0.
x-A

gi(x) =xex(a -bx)
=>m4g(x) =g(5)

=(-)e* =:M.

B

From2 If feP on (a), then

for any t30, 48,t) =CP,0. *
-It k2

() e
&XRoof For any me and t30,Lemmat

D
- I2H2t

-

[k(t))=I k4me 2

-k
k=1 k= ( <M

- ME,= 2MIHR (



Theorem 1 implies that
191,t) =(%,0 vm=1 and

4N(,t)mirmly, UP,t) F i 20.

(So uit much smoother than f?) B

In particular
-It sin (kTx)uxx(x,t) =e

=-etk (k)"sin(kTx) (4)

vem3 If tap on Co., then

40,x,t) satisfies
uE =uxx xt(0D, t>o

490,t) =4(4t) =0 + >0

Proof Bl are fulfilled as 441,t) -> CP,0.
-

-(k)t
And ux,t) =(8t e I Sin(kx)

=-( (kit)sin (kTx)
k=1

=4(x,t) v(x,t) -(01) x (0,0).

intervalFix xtCo, and time (f,T] < (0,0),
for some i > 820.



Then rt+ [8,5],
14(xit) - 4xx(x,t)1 =4),2 e-i, sinkx))
II -g 1Ck|
-

k=N+ Lemmal K

-M

=MiE

Mi*
uniformly on [6,5] as N ->5.

Similarly,
1uN(x,t)-49x,t)1 =M(E)*(Erc)

uniformly.on's, is asNew.

So for any fixed x-(011), the sequence of fans
gwIt): =4N(x,t) on [6,7]

converges gN -> g =4o(x,) uniformly
and nix):gn- uex(x, o7 -Il-

ByLammal, Lecture 22, since alsogr, gn- (((6,T])
for all NII, we (ix)=g()=4xx(x,t) + +-[8,t)



Argument holds for any is 830 andx-foi
->UE =Ux on (0,1) x (0,0)

B

Icondition
Does UPit) -f as too? (in what sense?)
Depends on regularity of to

If f is piecewise cont butnot cont,then

u4,t) cannot converge uniformly to f
as t60, since

him 44,t) = (((01)while frC((0,1) .
t 00

(For low-regularity f, we have MSS cov:

vem4
Iftep, thenU4,t) -> f
in MSS on (011) as two.



Roof f-P => SwIf) =I csin(kx)

cour, in MSS to 7: llSwCl-fll-0 as Nex

(as odd extension F-P on E1, B and SwIFlBF on [IB).
Let It) -greatestinteger It- ".

Then for t t (0.1),

11u(,t) - fll =1u),t)-Solf)I

I &(1 - e-kt 3 c
k=(

It
-) -

-

2I[(l-e-**) +EE Cr
e

k=

12(1 - g42t3)
k=Lt

-

43) +1

-> (1-eTrt")& EcI 2
↳ k=Lt

- 1y-
->O 11f12

->O

both as t60
E



(More regularity of implies stronger
convergence 491,t) e f:)

Theorems and f'EP on [oD

then44,t)- + uniformly as
t b0.

Proof Odd extension I on [1,1 satisfies FeCP
EndF'ep, which implies that

him (Sr(F) - FIG =0 on [1, B
N- 0

And since Sw(A)=Sr(I), we also have
lim IISw(f)-fllx =0 on [0,1 . (5)
Ned

Notation, as before, UN =E etk*ts in (k4X)
k=1
N

Salt) = , sin (kπx)

For
any fixed N,

Ilu)-sofloEl-e**) (i
=(l-ett), (C) -> 0 astDO



And for any fixedso and MIN,
lu(it) - um,4lo-Ere*sin(ix))

>Estr, sincerel
=I/Sw(t)-Sm(f)Ila

->

him 1u(t)-nM(t)lo=imllSw(t) -SmIt) In14-8

11Theorem I /(5)

IluN(t) -44too- IISw(t) - flo
-

Using this,
114%,t) - f(x= 114%t) - 4N,t)(1x +114N)t)-Swif)llo

+ 1/Sw/f)-flo

=IIUN),t)-SwH)lIo+21lSwIt)-fll0

Taking in lit on both sides yields

lim (ut)-fls= im him (urt) - Swill-
t 60 New

+lim 211 Sw(H)fle
-e

=O
=O E



consequence:IfIocpo,then solution
u* = C([01xC0,T]) & ue,u?,ux- ((,) x(0,T])
forany T30 => Max. principle Cor 6.1 inTw

app lies:11 tille-Iltl +10.

If I was more regularity, then so
does the solution us:

rem6

Ifin PDE(D) satisfies fo CBo&
f(2i

+

1)-C for some; zo, then

1,tlls-litll - If le two (6)

schotproof
3 =0 ok by above argument.
For jzI extension of This yields:

· 49(x,t) =2x4(X,t) for any KENN
on (0,1) x(0,00(

· 4,0) =f((x) X x+(01)

· And vixit:uxit) solves heat eq.



VE =Vxx on (0,1) x10,0)

V(0xt) =V(1,t)=0 + 20

V(x,0) =+1i(X) x =(0,1)
Lastly, Maxprinciple applied to v

proves (6)
· ⑮


