
Plan : ·Generalized Fourier series (Sturm-Lionville problems
· Fourier series on [01D

For Ht = Uxx x+ (0,1) , +>0 ]u(t , 0) = U(+1)) = 0 t =0

Ansatz u(x,t) = (x)T (t) leads to

eigenval problem (that we can solve
-E"(x) = xE(X) x- (0, 1)

F(0) = (1) = 0
-

with orthogonal eigtens (EU).
Other settings :
· Dirichlet non-zer Ult

,Pla, Ult, 1 =b :

Also = Sin(x) (See Exercise 3.1)

· Neumann - O BL Ex(x) = COS(KX)
· Periodic BLEm() =COL) ,ER() = SICKIT)
New extension : Mixed BC

u + = Uxx

4(0, t) = 0 , ux (1,t) = 0 + 30
,
3(z)

leads to eigenvalue problem
*= "(x) = x Ex() x + 1011)3(3)-

-
=L

= (0) = 0 , /1) = 0



Seek Orthogonal E
, (x) k = 0

, 11 ..
-

Solvity (3) (eigen functions of L).

That is : <E , > =! (x) # (*) dx = 0 if M
M M

First observe J! -* "(x) # (x) dx = xSE(x))dx
1)

So x'(x))2dx

& 1) =0 =' 0 = x=>0
General sol :(x) = <, (03(UX) + sin(Ex)

(0) =0 =) C
,
=0

0= /(1) = C (os((7)

Set = 1 Cany value #O is OK) . Then
-

Cos((x) = 0 => T = (k +z)π , k = 0, 1
, ...

And x = (1+E , # = Sin((k +2)TX)

are orthogonal eigenfunctions of L:

↑, m) = L , EmD
= ,

LAm] (integration by parts)
= m

, m),



#Am=, m) = 0 .

(L , m = !!-k"mdx
=Emo + o midx

= [m") dx + m
=<

, Lem) (
Particular solutions of (2)
Uk(X ,+) = TRH) ExLA)

- (k+z)2+2+
=C sin((k +z)πX) 1 =0 .

-Akt(since Th = -A Ti has sol Tr(t) =e C
Formal sol of (2) : U(X,t) = UK ( +)

K-O-

where Ch is determined from
boundary data. If U(X,0) = f(x) , for example,
then

C = IED



See Ex 8 .5 in TW for solving weekI -"=E with robin BC S
Next

= / (0)= (0) , ' (l)=- (1) .

Sturm-Liouvilleproblems

Extension of heat eq :
u+ = (P(xx)x - q(U X+ (01) , + >0

u(0,t) = U() , +) = 0 t=0 3 (4)

u(X,0) = f(x) x + (0, D

With given functions

p= P(X)=x >0

q = q(x)20
x +[0,] with Pt(((0 ,5) (5)

Particular solutions of (4) by
ansatz U(Xit) = T(t)# (X)

EI=' + (D)
= X

TCH) Ex(x)

Eigenval problem : seek = (%(0 /1) 203 S.t.

)+q = x x x + (0 / 1) (b)
=LE



(6) is called a Sturm-Liooville problem

(with Dirichleto-valued BC) .
It holds , -C? (0/ 1) that

(a) <L/ ) = IL) (symmetric)

(b) <L , A) = O

with <LI , > =0 = = 0 (P03 def.

Proof of (b) :
<L, ) = So - (PE' +q dx

=And+
=O

S'(X)dx = a<
, >= O

And (1,1 =0 & (0)=0) = 0 ·

Consequences :

· If (A) and (ams (A-m
are eigen pairs of 167 with #Xm

then<
,
m) = 0 as



, m) = L , m) = <Am/ LEm) = m <E,Em)

=>-m)/ m =0

· 130 in (6), since if (X, ) is sol, then

x(
, ) = <L, > >O (since EO

=> x ==
When(5) holds

,
thereTheoremesolutions (

, EK) for (6) with

↑

< X
, < 2 ..., him=

and orthogonal.
↑

Ex When p(x) = (1 + x ) and q(x)= 0,

then - ((HX)# = x *

E(0)=(1) =0
has solutions

Ek(x) = (1 + x)-sin(π
↑ = ( +

· (See Exercise 8
.
15)



Fourier series on [1
, 1 :

-

Recall ECOS(X)3= UESM(X) is
orthogonal with respect to inner product

(u ,v) = J , u(x)V() dX (Exercise 3
. 15)

and Fourier series of E1 ,1-R is

f(x)~ ((() +bin()

where a = < f , (os(X)
b = <f , SiY)

"" denotes formally equal.
Truncated Fourier series

:=Sw(f)(xa (a((x) + busin(k)i

Note : f -Solf), but this does not
mean that +(x) = Sg)(X) XE[ON :

Ex For f(x) = X
S

ai = J!, (B(kπx)x dx = 0 &

b =Six dx = (l)
*

yieldingKI

f(x)
*

Sin(X) = So(f)(x)



Note that f(l) = 1, While

So()(1) = Sin=
-
=O

Why f(LS(l) follows
from periodic extensions :

Any functiont : El ,D-IR can be 2-periodically
extended from Ell) to R by

+per(X +2/7) :=f(x) +x(( , 1)& R

=> fper(x) = per(X+2) * +I

For f(x) = X ,we get
Per

toupt
-f
-Sof

O

&-& A · O-I -↑Y--3 - 2 O I

e ⑧Yo O O OO , ·

*

So()(x) = E (1)
*

Sin(X)
k=1

is 2-periodic by construction with

Solf)(-1) = A # f (l) when H) +(D)
·

/↑Problem



Goalstoday :
· Properties of SoC) : evenloddparts, differentiation
· Next lectures : mixed boundary val problems,
Convergence SN(f)-> ↑ (when and how does it

2)hold

-

Def We say f on [a , b) is
-

· periodic if f(a) = f) and

· Piecewise continuous if f is
continous at all but a finite number
of points Exi [a1b] . And

the limits

lim f( = : + (Xi- & lim f(x) =i f(xit)
XX; x 6 X:

existe for i = 0..... n ,



f is called even it f(x) = f (-x)
and odd it f(x) = - f(-x)

XeEl , D

Ex
-

even : 1
,

x 2
,
xY, . . . , (os(TX)

odd : X
,
x3, Sin(X)

Property It is odd, then

f(x) (

and if f is even, then
f(x) + ((X)

k= 1

Prof odd + :

an = S, f(x) (OS(X) dx
=J;+ (x) COS(#) dx + So f(x) (00(x) <x (y=-X)
-

=%Cody + Sof(C (x) IX
=
- f(y) (OS(KTY)

=O

↳



For a function Fon 101B with sine series
*

[S(X) , = 2 F( Sin() dy,
K= 1

&

Then the oddextension on [1 , 1 :
xE[o ,D+ (x) :=E x [ 1 , 0)

satisfies

Sp() = bi Sin(kX) with bi-5, as
K= 1

Di = (
_

+(x) SinCKX)dx = 2%F(x)Sin(ix) dx"
So when I is odd, then

>

↳Sine series of cons

X= IApplication : Let t = sign() = 2-1 x 10

Thenf is odd extension of

f(z = ! ⑤
2k - 1
-
#

I has sinc series [H(2]
Six (RK-1TX) for X-Coi)

K=

D
4

= ,

2-+ Sin((2k
- 1)πX) XeElD=> Sign (x)- E



Similarly , if f is even , then
So(t) = cosine series of flo

, is
#

Theorem (differentiation of Fourier series
-

Assume that ft((EID) , f' is piecwise
cont

. on El , 1 , and f() = + (1) · Let

SoLf(( = + (((K) +by Sin()
and

So(f)(x) = 8 + (C (03([X) + BiSin(IT)

Then 40 = 0 and &=K = I .

Bi = -Kar
Means that So(f)(x) = So(f)(x)

Proof 40 = 1.
,
f(x) dx = f(l) - f (- 1) =0

C

< = (!, f'(x) Cos(kπX)dx
= [f(x) (OS(X)] + <YSinc dy
= /) + KD



Br is computedsimilarly
Application
-

For f(x) = IX)
,
let us find So(f) .

Since f'(x) = sign() , we know that
*

-Solf')(x) = I 4
- sin((2k- 1)#X)-

(2k- 1)II
1= 1-

B2-1

Then 92k-1 =
- B2-1

-

- 4
-

FF(2k-1)H(2k- 1)

and 90 = S, dx = 1

&

=> Sp()(x= E E 4 Cos(22k-1)πX)- -

k= 1
+2(2)-1)

2



Let
.

= Ef : (a , 57-R If is piecewise continuous
on [a ,b] 3 N

· (f , g) == f(x) g(x) dx = f
,g = P

·Semi-norms

11 :==)dx
and mean square distance

-

T
(H -gll=(+x) - g(x))dx
It holds that

a) (f) = ((HI XER & tep

b) (If + gl) IHI + /g) x + ,g &P (will show)

c) IH//20 and

IHI=0 + = 0 for almost x + (9,b)
all

(is norm on P if we relax
"
=
I
in U = V for uive) to mean

U()= VIX) for almost all x + [a ,b]
.)



↓ sequence<
is said to converge in mean square
sense (MSS) to A & P if

lime IIn- fl = 0 .

N--

Example) Let [a,b] = [01 and

fr( = XN · Then In +=0 in MsS,

since(x-0112 = So N())<x = So x2N dx
= 0 as N .

NB! Convergence in MSS is not
equivalent to pointwise convergence-

In Example)/ fr() =*
*
-> So if x -[0 , 1)

it x = 1

hence fill As 0 .

Lemma 1 (Cauchy-Schwarz inel)
-

If igp, then

+, g> 1 = HIIgIl (1)

Proof If f(x = 0 for all x+ (9,b],
Anen (1) becomes 00, which holds.



Assume next 11/0and let

P(t) := P (t f(x) - g(x))2dx for IR
Ch

= + f(x)dx - 2+/f(x)g(x)dx + 3 gr(x)dx
= E ((f(R -2+ <f,g) + 11g/P

Note : P(t) is strictly convex (p" = 1H(1> 0),
with global min at + where Pl*) =0.

&

Namely,
# and

IIf II ·

0P(t*) =
=

f
,g) = 2<f,g) +gl
IIfIR

=> f,g)I If Ag))
B



Use of Cauchy-Schwarz

ForVerification of triangle ineq : fig)
-

(If +g() = < + + g , + +g7
=<+

, f) +2(+,g) + <g , g)
Cauchy-Schwarz
IHIR + 21H(/(Ig)) + /Igll2
= (((+ (1 + 11g())

taking (both => 1(f +gl) = If)) + 11g)) .
sides

Poincareinequality
Lemma 2 Let Ca ,b) satisfy that
-

f is piecewise continuous and f(a) = 0.

Then 111 IIt'll.

Proof For
any x+ (a/b], f(x) = f (a) + Ja f'(y) dy-

-
=O

- H(xP = (S
,
& + (x) dy) Cauchy-S ITaon X]O



= (Ja 12dy) (S&H'(Y)(2dY)
= (x-a) SE)(y))dy = (x a) 11 f'll2

Here III= H(>R dx

S(x-a)dx . 1lf' ll2

=(a) 1H' 12
↳

sharpening of energy-estimate
Recall that for U+ = Uxx t>0 , x+(01)

u(0
,t) = U(1 , t) =0 10 ,

we showed for E(H) := 1. UP(xit) dx
that E'(t) = -2 0 UE(H) 2 x 10 , (3)
and there E(t) < E(O) + 20 &by

Sharper upper bound E(t) :

Since U (0, t) = 0 and U(it) +> (2,
Lemma 2 on [a , b) = [0 11 yields



E( = 6: ur(x ,+) dx = 1/ U(- ,+) 112
Lem3
/UX = t dx

=- zE(t)
(3) -#E'(t) ·

Hence El(t) = -4E(t)/ · 24
+

= (e
+E(t)' = O

= E(t) = 2
-4+ E(0) t= 0

and lim E(t) = 0 ·
t0



Exercise 7
. 9

-Au = f in R

En = g on 223(x)
a) show that

Stat Exdy = -Sends is

necessary condition for (
*) to

have a solution.

Sol : If UCNC) Solves (*), then

SS + dxdy = SSe-udxdy
d

=-SJ didxdy
&

&
drthmJaends-

E -Sands .



b) Show that (*) has at most
one solution satisfying

SSu dx dy =0e (xA)

Why is this extra cond. needed ?
Sol : Assume u,v+ 22 (ot) &C'(e)
Solve (*) andSatis ty (x*)
Then W = 4- V solves

- DW = 0 ich22

24
- = O on 202
an

And
0:=JJEAN) W dxdy

IW
=SS(x) +ydxdy-J N-↓SOn

Cal ↳
=O-
=0

=) WX = 0 & Wy = O

=>W=C . And since
Area() =S

&
W dxdy= ndxdy - 1 dxdy = 0



=> C =0
·
Henc WE => U= V

.

Ex 7
.
10

- au=f in1

24
-

on
+ 24 =g

on 22 (Robin

with20
.
Show that PDE

has at most one sol.

Sol: Assume u
,
v = (2(a) rC'(z)

solve PDE . Then
W = U-V solve

-Aw = 0 in 2

N on 2-

an
+2W = 0

And

0 =SSEDW)Wdxdy
=Slowldx dy - J wawends
= SS18wRdxdy +x)arW2ds



= WX =O , Wy= O in2

& w = 0 on2

=> W=O = U= V .

Why needed : Sol of ) only determined up to
const

.

Ex7. 17 Let 1 = (011) &

considereignal problem : find
(x, u) with , u+((0) 203 S

.

t.
(

-Du = Xu in S

U= 0 on 22

a) show that 30
·
Sol :

↑J([9U)udxdy=Ju dxdy -Jus
&2

. SS)u dydy = A/2 dxdy
=> x = sunda
since (4E0 and ul=) => IR/+O.



b) If for each x+ (011),
&

U(X,) =E ar(X) SITY) ,
= I

explain how this leads to eigenting
Uj() = Sin(JX) Sin(Y)

with = (52 +12) 2 j
,
kz1

Sol: Let us writeAs as a

Since series

an(x)= <j Sin(jπX)
T=1

<jk = 2(a(X) /Sin()
then formally
u(+y) = EEj)Si(Y)

j
,
k= 1

Ujk

4
- Dujk = (j + 17) π

>

Ujk
.



#. 19 Consider 2D heated.
ut = DU ih -

,
+ 20

u(x, y(t) =0 for CX/Y) 22
u(x/y,0) = f(y/) (x,y)+ -

a) show that for sufficiently smooth sol,
E(t)=SS u

=

(x Y
, +) dx dy 1S(f(x/y) dxdy

S

for +20 .

Sol : (for us >" (Eix [0/8)
E(t) =S +

U2 dxdy

=2)/u+ udxby
=26 undxby
dirtum

& =
=0

S= -2S(udxdy - funds&
-

O
=

=> E(t) = = (0) =(Jrf(x,Y)bxdy
* + 20 ·



(b) If u, v = <" (ox[0, 4) both
Solve PDE

,
then w = u - v

solves W= = DW in 2 x (0,0)

w = 0 on 22x[0 ,9)
W = 0 on 2x 203

By energy arg

SW(x, Y, t dxdy =SS W (0xY=

=> W = O = U=V.

c) For 1 = (011) , use Ex 7 .

17 b)

to construct formal sol.
Ansatz vjit) = Tip() Uj(x, Y)
leads to (2+Vi = AVji)

= A = -

jk

with jnlan = 0 · From 7
.
17b)

Uj = sin(j) S(KY) , i=+ KAR



- xjkt
= e

- ( + 12+

Tjx(t) = e

Formal sol
- (j2+k2(π+

u(x,y,t) = Ce Sin(j)Sin
j
,
k= 1

where U(X,y, 0) = f(x,Y)
=>

x = S f(x)SiSi do by
-

So Sin(X) SKY dxdy

=: ue
= 4 [f , Uj)

·



Ex 7
.

16

-su= 2x(1 - x) + 2y( - y) inM

u=0 on

a) show that
n= x(1-x)y(1-y) is exact sol.
in <(2)

Sol: know that L = -A is
pos def on ! (12) , so so
is unique.

uxx = 2y(1 - 7) & 4yy = =2x (1-x)

= - Au = + 2 y(1- y)

f(x,Y)
& / = 0

Extra: Show that numerical
solution (7 . 33 agrees with
exact solution in all mesh points.

Sol : Let [u(y) = (Ln U) (xix) - f(x,Y)
for , + In

.

know that

IItallu
,as
(14xxxx /100 + 1luxyxylo) h

= 0
6

as UXx =0 & y =0



Let V = Duo solve Luv = f,

Then

IIu-vIn, / Tull
,

=0
·

(As (n(u-v) = In in en

n- V = 0 on 22n

And Prop 6. 1 = 114-V1h
, = Hull fo


