
Recall Pla ,b] is set of piecewise continuous
functions on [a .b].

Shorthand P = PLaD] , when interval is given.

Def Let Ex3
:

CP be :
- k= 1

· orthogonal [ *m) =/*m((dy =0 k =m

& and non-zero ll) #0 XK
&

Then for any tep the function(
D

Sg(f)(x) =[ *x(x), x+(b)
k= 1

:C

is called the general Fourier series of to
N

Notation : Sa(t):=[ * -> P
-K

Aruncated **general Fourier series
Examples
· Sine series on [0 ,]] = Sin (KITX) (2)
· Example 8 .

5 TW on [0 , ] * (x) = Sin((k+z)πX)kz0

·Fourier seriesin El , D : Yo

*
-2k- 1(x) = sin(kπX)3k21*
-2k(x) = (os(k(X)



&Properties(of general Fourier series

For any function Pr= with
it holds that Prep and

IIPall= ai IIll2 (i) , since

IIPw/l"=
= Corthogonality)

= LEIIR .

k= 1

Lemma4 Let fep .
Then for any

N

function Pr = [Gk* with SitIR
,
it holds

-K

that k= 1

< +-Sw(f) , Pr) = O Corthogonality)property

Proof If 11k IN, hen

[Sw() ,Ex) =[,
& =, ]

=( = ]
&



Hence
, (t-Sn(t) , x) = <t, ) - (Sn(t), R

= O for k= 1, . . .,
N,

and by linearity
If-Su(f), Pr <f-Sn(f), *R]

=
B

Taking PN = Sw(f) in Lemma &
Yields <+-Sn(t) , SN()) =0 %

So If-SN(f)) and Su(f) are orthogonal,

and with Pr = Sn(f)

&

7
, Sn()) = 1Sn(f)/II

Orthogonal decomposition
f = Sw(f) + (f - Su(f)

f
*

(f -Sn(f)-
-3-

Su(f)



From

II f (l" = < SN(f) + (f -Sp(t) , Sn(f) + ( - Sw(s))]
= IISN(f) (1 + 2 <f - Sw(t) , Su(f)) + 11 + - Su(H)(12, (2)
-m

=O

we obtain Pythagoras there

11+112 11 Sw(f) (R + 11f- Su(A)(1 N2l
,

and that

IISwHIR 11+11
·
That is

N

[ClEIR [11fIR NIl
.

k=1

Limit We o yieldsB'sincof :
& CllEE [ 11fIR (3)
k= (

Result : (3) = him II-SN(f) ll = 0

-if and only it= CillFl = 1If112(4) holds
17= /

calledParseval's iden tide.(4)



and for
,
standard Fourier series

/
Parserals id holds for all fePED

(In general E must be dense &
in a complete spacee.

Examples
-

Fourier series on El , 1 : Let +ED and

So(t)=+ ancokix) +Silk
-

un
k= 1win un

To * *
Co C2k -2k [2k-1 -2k-

=

is nonzero : Izoll"= Si Pdx= 2
, llall2 = 1

And Bessel's ineq :

O

[clXR = 2 Co+ 11 fIR
k=0

Equivalently :a +bSf(x)



For Size series on [0 ,] and fee
,
we have

Sg(f) = &(Sin(kiTX)
k= 1 m

k(X)

I/ = S
:

'Sinn(kix)dx = E.

Bessel's ineq :

EclR = 1/fIR
1)

=> = 26 +x)dx

Application : For f(x) = X on101] , one has

( =2[f
,
Sin(ix))=

and Solf)= Sin(k)

Bessel's ineq

= = 2Sdx=3
k= /

+Ex)

Parseval will show=> Citsan equality (



-convergenceof functions

For [fw3 < P(91b] and fee,
recall following

types of convergence :

·Meansquare sense (MSS) on [a .b] if 7

-lim Ifo-flo , where llfll=x

· Uniformlyon [ab] if him Ifw-flls = 0,
N->

where 11fllx = Sup Hf(x)
Xt[a ,]

· Pointwise on open/closed set Itaib] it

lim fo(x) = + (x) for any x+IN-

low equivalently him (w(x-f(x) =0

E fr(x) = e-N*

converges in MSS to =o
on [0, 1] a

IHw-f=Je- *
- d dx =

1-e-2N
- -> O as ND

.

2N



And since

umf(x) = let ,
to converges pointwise to F(x) = So,

x =0

Xt (0 , 1]

Sup le
**

- F(x))2(e
-Not

= Flo+) 1 = 1
Xf[oID)

so for does not converge uniformly to I
lit does not have a uniform limit).

Ex
-

Let fN(X) - E
-I XX - N

- 1

NX X + (-NT , N
- 1)

I XIN
-1

fr

-
Let f(x) = 2

X0

X =0

1X0

Then fro nisef on [13 since

fr(0 = +(0), and for any X-E1 , 1) - 303

fo(x) = f(x) when N2 1
IXI ②



And Iltw-fIR = 10 (wx +Ddx +]x - 1dx

=26(Nx - Didx = 2n+J
.

'(y- 1)dy

-O as N- *

So tw ef in MSS on El )

But Ilfn-fllo = sup1f(x) - f(x)) = 1
Xt[-1]]

for any NeN, so for does not converge
uniformly to fo

Properties For EfuBESP,
-

Uniform cour => Pointwise conv
and MSS

.

Conv

Prof If him IHw-fll = 0 for some fep,No

then for any x= [a ,b)

himf(x)-f(x))Mim Sup (fn(y) -f(y))
Nex Yt[a,b]

=lim In-flo
and1lfa-fll= SaHw(x)- + (x12dx = Ilw-fl (b -a)

-O asN-0.

⑮



7. 19 Consider 2D heated.
Ut = DU in 2

,
t z

u(x, y,t) =0 for (Y,Y) E25
u(x,y,0) = f(x,Y) (Y,y)+ M

a) show that for sufficiently smooth sol,
Elt)=SS u

=

(x Y
, +) dxdy1SJef"(xy) dxdy

-

for t 20 .
-

Sol : (for ut 2" (iix [0,8)
E'() =SJEU2dxdy

=z)uudydy
=2) Anndxdy =O

dirthm
R ↑
S

&

=-2)Ituiddy +JusR
-

-O
=

=> E(t) = E (0) =/af"(x,Y)body
↓ 20 .



() If n,
ve"" (ex[0,) both

Solve PDE
,
then w = u - v

solves We = Dw in 2 x (0,8)

w = 0 on 22x[0 , a)
w = 0 on 2x503

By energy arg

6)Wh(x, Y,) dxdy [S)WYxvioxy=

=> WE = u=V
.

c) For e = (0 . 1) , use Ex 7 .

17 b)

to construct formal sol.
Ansatz vjikixt) = Tilt) Ujk(x, Y)
leads to (2tVii = DVjk)

= I - Nik

with Winbe = 0 · From 7
.
17b)

Usk = Sih(j) Sin(Kity) , Xin=
:

+ KIT



- xjkt
= e

- (j2 + kn]π7
Tjx(t) = e

Formal sol
- (j2+k2)Tt

u(x,y,+) = me Sin(jitx) siniif
j

,
k= 1

where u(x,y, d) = f (x,Y)

=

ci= f(x,y)Sinc x) Sinikity) dody
-

↓So'Sin(j) Sintkity)dxdy

=
= 4 [f , Usk)·



Lecture Friday
-

Question from yesterday:
fu(x) =e- has pointwise limit

F(x) = Ed X =0
on [0 ,1)

X + (01)

Does there existen feP s
.

t
.

IIn-fIlgtO ?

A : No
.
The result 11fn-flloto -> fret,

implies in this case that either
f = I or fo does not have uniformM

limit. And
II -Fla = If (0+) =

F(ot1 = 1 Fuz1.
W

Today
· fep +one sided differentiable =>

pointure

Af(x) on ElSu(t)(-

· feP + periodic

= Sn(t) unitolyf on [-1,



Or-sidedifferentiable functions
Ar

Let PEND [PC-1,D denote subset of

one-sided differentiable functions : For any fe

= a finite number of points - 1 = Xo < X1 <. <X+= 1,

such thatfe ((Xi
, Xix) and limits

&

f (Xi+) = lim + (x), f' (xiit = limt'(x) exist
X6Xi XXXi+ 1

foral i = 0, 1
1 . . .,1

-
·

S

NB ! fed' does not require that

f 'ep, only that
f : (xi , Xi+1) - IR and limits
defined is

(f'(xi) need not bedefined

YShorthand notation : P = PE11]
.



Exo f(x) = IX) belong to D' .

f +c ( y,0) and f + (10 , 1)
with f'(0k) =/ and fo(- ( +) = -

f (l -) = 1.

I
· f(x) = sign(x) + 4

-

f + ( 10) and f+ (10 , 1)

# 0=) = 0
.

/f (- (H) = 0 , f'(lt = 0.

Note: sign'""E
D X =0

O X+ 0

so sign'(x) # P Since
it's not a well-defined function
in XEO .



Presentationsof Sn (8)
·

(

YSN(H)(x) = am((k) +bi E)
C

with an = S. cos(ky) f(x) dy
bi = 6. Sin(y) f(x)dy

Alternative representation :

Sn(f)(x) = S
,
[ThY)((kπx)+ Sin(kity)sin(kit*)] f (y)dy

Cos(kπ(X =y))

= [Cos(kit(x-Y))] + (x)dy

= J, Kn(x-y) f(y)dy, (1)
where

kn(z) := 1+2 Cos (ktz) is
k= 1

thebirichletKemel . Properties :
· Kn(z) is a symmetric , 2-periodic function,

·Skn(z)dz = /_ (dz = 1 (2)
N

· kn(z) =
2n + 1 , z = 0 ,12,

14, ...

&[ SinNz), othersa 3 (3)



which can be shown from

kn(z) = 102[ (os (ktz) =+e ++z
k= /

K=Likzei.
k= -Np

Geometric series

ThmI (Pointwise convergence
I

Let feD [, D and let for

be its 2-periodic extension from [1, 1) to IR . Then
it holds that

him Su(f)(x) = er(x-) + for(X+) +x+El ,]
N-x

2

Proof For x(07) (similarary for x( , 8),-

Sw(f)(x) - 2(f(xt)+f) I

(1)(2)
/=S! kn(x-y)[f() - 2((xt) +t]S /

Kn(z)-symmetric &2-periodic C
T

=*** KwAz (f(x+z) -E(ft +t- 1 - X

=*

kn(z) (f(x+z) - E(tper(x+) + per(x)] dz



+
"

kn (z+2) [foer(X + z+2) - Elfier(*) + (x+]dz
--X

=kNz
m

=+(x+z) ↳zit
= IJ , kn(z) (for (x+z) - t(f(x+) + pex+] dzber

=Eperz-ftdzwzEper(Xtz-fxd-
=In

And

[J'sin(+-)+z) Forzx TO

me
=

- g+(z)
-O as No

Due to following properties :
D

el·Fier( Wil = ge ('10,7 ,) for some E
,
DO, and therefore

lim1g+(z)) = FH(x+)< (Exercise Peel
z60

·So we can view ge (0,]=GE
· Sequence *z) = Sin (li + :)Tz) is orthogonal
[Ei ,An

=So'ZilzAnLEIdZ = 0 jak
&

(EX 8 . 4 in TW ⑳

so by Bessel's ineq [
*j ,9) 11911

j=
S

=(Int* = (EN
,g) -> 0 as Nex.

F



NAOThe limit In-O is shown similarly
--Summary : Su()(x) - E(f(x++=In

NBD
-- O

⑬

Uform convergence.
Theorem2 Let fieP(-1 , I
andperiodic f() = f(1) .

Then

Sp(f)(x) = & + * an(os(kπ+ x) + bySin(kπ+ x)
1-K

converges uniformly to for
[1
, B .

Prof Let fer be 2-periodic extension of
f from El , D do IR .

Then for EC(R) since

teP= f + ([11] and fill = +(D) . Moreover ,I

fEPE feP
, so Thm1 implies pointwise

convergence

him Sp(f)(x) = fer(x+) + +per(t)
= f(x) =x+[+,N+0

2

Since Solt)(x) = f(x) vx (Pointwise conv) ,
we

have -Su(f) = So(t)-SnH)= ancos (kiTX) + busin(kit*
k= N+1



=> Ilf-Sn()llo = Suplak(kx +busink

< 191) + 161) 30 as New
k=N+ ) T

remains toshow

O /k= 0

Let <x = (_, +'(y)cos(k+Y) dy =Ekbk 3 (4)-
,
k2)

Bi = Sif'(y) Sin (kity) dy E-KITar

Since fleP , Bessel's inequality fields
&BidK

By (4)
N

I a +bi=
Cauchy-Schwarz En

AN

)
&

Im
2
E

↳I -2(x,2 + Biz)

+Bi
N

=> lan+bil S

k=1

=> lautibil -0 as Nex
k= N+1

#



Example.For f(x)= IX) , we
have f+(l, 1)

f = sgn(x) -P and f(-1) = f(1)
.
Theorem 2

applies :

him (SNC)-fllo = 0.
N-D

· For f(x) = X3
, f + (El ,D and feP,

but f(1ff(1) soThm2. dog not apply. However
fES' soThm1 applies : Jo(t) (x =to(xt) + few (X+)

2

particularly :

So(f)(1) = per (1)+er()Salt) (I
Solf)()↳ Sa(t)(x)Sa(f)()a

-

eii
A

Uniform convergence on [1 , 1) does not hold

since o=Sotf)(1) (1) = El ; so

lim IISw(H)--Ilo2 lim ISwfE-fEEt
Nex



Ex 81 , 8. 2, 8 .

3
, 84a), 806

8. . I Sketch periodic extension of

a) f(x) = (x) on El, foer(X+2k) = f(x)
xE-4,]

o o

I #k - 2)Ie
-

6) g(x) = sin(x) on ETIT] (25-periodic
&per (x + 2kπ) = g(x) = sin(x) = x + EID & kEX

·

f & D 1-
-- -3

Ni3
C) h(x) = X2 on Co , 1) to R

Hoer (x+ 1) = h(x) x[011 &Ne2

-#
-2



82
a) If fig both even then (g)() is even

orboth odd

Proof : both even : (f(( x) = f(-x)g(- x) = f(x)g(x)
=(g)(x) .

both old ((g))-x) = f(-x)g(-x)
= (f(x))(- g(x)) = ((g)(x)

b) If t is even gis odd or vice versa, then

(fg)(+ is odd.
Proof teven , g odd :
-

(fg)(x) = f(xg(-x) = ff(x)(-g(x)) = (g)(x) .

1) If t is odd
,
then Stdx=0

sol : Jifdx = 1 x+ (x)dx[y -*

= S'Edy +Sof(x)<x
0

-f(x)
=O



8.3 Full Fourier series on 111 of

a) f(x)= x2

90 = <N ,
1) = /x*x = =

121 : an = (x2, cos(K*) :%x cos(u*)dx
=Usin
= [xcos(kx)) =S_ (g(k++x)dx

= it (" [sin(ix)] !
=

O

I

br = <X/ Sin(ix) =J x=Sinkix) dx - O-

--
- odd function

=> So(t)(x)= cos(ix)

b) f(x) = ex
-

ao = (e) = S eax = e-et
I

: 0x = S
,

e cos(k)dx
-l

I
=sink], Se*sin(ix)dxKIT

=O



= [e"cos] = indeCos(ki*) dy

= (e- e)-

=a (lim) = (e - e-)

=> am=
bi = J_esin(x)dx
= (ecos(*] d+ ec(k+x)dx

!
= tile' - e

-1)xM+(2)
O

()kπ)2 +1)

= (1)"
*

(e' - e- 1).
Sg(t) = (e - e 1)/2

Re)(x) = Ksink,a



8.4 a) Find full Fourier series
of f(x) = sin2(x) on [u,iT]

Comment :

GersonEL
, L] definedbyForier

-
Go ↑Ss(t) =
= + [an((k+*) +bysin(*)

k=1

2
-wherea

.
f(x) ((k+z)dx

-W
bis_+ sin(k) dx

Can be derived by F(x) := +(Lx)
Then find Fourier seriesof For [11.

Sa(F)(x) =

Then series of f on ELL] must

satisfy
So(t)(x) = So(f)(z)

Since f(x)= F(E) =xEL , ] .

land shour thatan = an
,
Ji=bi (2)

Solution : Sin< (x) + (os(x) = 1

Sin -(x) - (os2(x) = = Cog(2x)

=> sin2(x) =+cos(2x)
2



=> Solution o
= 1
, 2 =-

-

S(H((x) = (2)
But let us verity by
calculation :



F - (g(2x)dx
#-
2

= 1 + [sin(2x)]
*

= 1
T

Co**)((2x)dx
2

=o (kx) - (os(*(x)((2x)dx
-

1)

(+ 4x)=(s(-2)x)dx

1/2 k = 2
IE O k + 2

even odd
--= (2) Sin(ix) dx

odd

= O.



E8.
6 f(x) = z - X

a) Sinc series on [0 , 1)

B
:

= 2So'( - X) Sin(kitx)dx

A

= ((l -2x)((ki+x)]·

-cos(k+x)dx
&

=f)
⑧ #X Sink

kit

b) Cosine series on [0 , 1)

20 = Joce - X) . 1dx = 0

(21 <x = 2 Jo' (E - x) (o(k+x)dx

= in [ll-2x) sin(x)].
# Sosin(k+x)dx
=2 [los (kitx)]

·

F
= (1-(114)



(-X-Ck(
C) Find Fourier sine series [0 , of

g(x) = =(1 -x)x using
b) above·

Sol : g'(x) = z - X =f
&

For

folg) busin(k
I

we obtain relations to b) :

F

xx = S'g(x(os(knx)dx
= [g(x)((ki+x)]+kπ)g(x)sin(kπ+x)dx
= (i) bu for K21 &

=> br= 3(10 (D)


