
Mean square sense (MSS) convergence-&

-

Theorem 1 (Recall from last week)-

-

If f'EPED and f() = +(D) , then

him IISw(t)-fllx =0 Luniform cour.)
N-

and /SN(t)-flloo=M(Sn(t)
- +11=0

N-
uniforniconi Mss Cond

Theorem 2 (Cour in MSS)
-

If fePEhB, then him (Sn(t) - +1=0
N-0

Sketchof proof :

Let fer() be 2-periodic extension of f from

El , 1) for R
,
and for any 8+ (01) , let

*+

fork] dy xeC-1 , Dff(x) := Is Exos
Properties :

· Ilt-tylt= S% H(x-fg)dx +0 as Seo (1)
(Exercise 9 17). Dz =Y-2-
· ↳g is 2-periodic (2)=

x+ 2+8

+peplYJx
+z-8

Idy

=parz 2dz

· fi(x) = [per((x+ 5) -) - foer((X-f) +)
EP for any Go,

28



since both for( #f)7) and
for (o-f) -) belong to P.

Summary : Ej eP & fit) =+g() for any 80.
So Theorem I appliesHo fo => Conv in MS:

him IISn(fs)-till = 0 foray So (2)
N->X

By linearity, Sw(t)-Sn(ts) = Sn(t-+8)
,

and by Besse's ineq
2

11Sw(t-fs)l) = Ilf-fall?

Hence

11 Sw(f) - f() = ((Sn(t - fj) +(w(f) - fs) + (fs -+)I)

[IISn(t-fc)ll+ 11f - fill + 11Sn(tas) -tyll
< 2 /Ifg -fll + 11Sw(ts)- fall

= lim In(t)-fllCllfg-fll +him Suto-fly
Neg
-

(2)
- o-

him ISn(t)-fll=limlin ISt)-
800 N3D

-
> him 2fs-fl B



&

Recall Parseval's identity
-D

Sult) -f in MSS+bi = 1lfli()ar
k= 1

Corollary*-

If fe)Eh], then Parseral's id (3) holds.-

P= Salt) E => (3)

Example f(x) = X on Co , ] has since series
↑

So(f)(x)= sin(kiTX)

un
= bi

M

Odd extension of : f(x) =X with Fourier
series :

So(F)(X=Sinkey) on El ,B
&

Since FeCL , D , corollary 1 applies :
*

[===x=
k= 1

So =6



Ex For f(x) = sign() , fePEID, &

Solt)= Sin(K-DTX) on [l]
k=m

b2k-1

Corollary1

=sign(dx = 2

=>
+=

k= ,
22k -1)2



regularityoff and decay of Ear , Ebis

Corollany I says thatif fee , then

+be ⑨

This implies that ar ,bit o as ked.

Will show: If t is smooth and( Cperiodic
,
then acibic decays faster.

Let

CHB =Et + ch(( 1
, 1]) (f
*
( 1) = +*(1) i = a , y ...,m]

Recall : Ihm 8
.

1 in Tw)
If feCo and -P , then

Sa(f))= ( (x) + Basin (

with2 = Kitbr
,
Bi = -Kar

where an = <f
, lo (KITX)

bu = <f , Sin (kitX)



So if tec & fep, then by lor?

+ Elf'

=> a +bi (4)

( => k2(ai +bi) -0 as Kee!

Theorem 3 Letf-( and f (m) -> P

for an integer m21 .
Then

⑳

& kim(ai + b) = +
-2m (lf(m)/12 (*)

k= 1

where an , bi are Fourier coefts of f.

Proof Have proved (*) form= 1 in (4).

Assume (*) holds for some M11 , and
mthat feCp & f(m+ 1)

=P
.

MThen f't So & am f = f(m+1)tp ,
so (A)

& dXM

holds for m implies for 'that
O

lk=
&k = TKbi and Br = -Tkak &



=> 2m+
(a +bi)=

k= 1 11
X

So (*> true for m and fe(Mm
= (*) true for m+ 1

.

Result notes by
induction

Example For f(x) = sign (x)

Salt) = · Sin((k - 1)πX/#(2k- 1)
k= 1m

b2k-1

As f + P
,
Cor1 bi = Hi

,

&

while [K = = 0
.

k= 1 k=(

Does not contradictTheorem 3 as neither
&

fe(p nor ER hold.

Example f(x) = IX) satisfies f+Coe
f = sign() ep .

and
C

Salt) =*-"Cos((k- 1)4X) ·

Theorem 3 =

· ka==
k= 1

=>= as we know from
earlier example)

.



8.3 Full Fourier series on 111 of

a) f(x)= x2

90 = <N ,
1) = /x*x = =

121 : an = (x2, cos(K*) :%x cos(u*)dx
=Usin
= [xcos(kx)) =S_ (g(k++x)dx

= it (" [sin(ix)] !
=

O

I

br = <X/ Sin(ix) =J x=Sinkix) dx - O-

--
- odd function

=> So(t)(x)= cos(ix)

b) f(x) = ex
-

ao = (e) = S eax = e-et
I =b

: 0x = S
,

e cos(k)dx
-l

Esink] ,

in=

KIT

I 5
-

esin(kix)dx (k)
=O



= [e"cos] = indeCos(ki*) dy

= (e- e)-

=a (lim) = (e - e-)

=> am=
-bis E-kitak
= (1)"

*

(e' - e- 1).

Sg(t) = (e - e 1)/2

Re)(x) = Ksink,a



8.4 a) Find full Fourier series
of f(x) = sin2(x) on [u,iT]

Comment :

SeasonEL
, 2) definedby

Forier
-
GoSs(t) =
= + [an((k+*) +bysin(*)

k=1

2
-wherea

.
f(x) ((k+z)dx

-W
&bi=_+ sin(k) dx

Can be derived by F(x) := +(Lx)
Then find Fourier seriesof For [11.

Sa(F)(x) =+ Zanlos (kitx) + busin(ki+x)
k= 1

Then series off on ELL] must

satisfy
So(t)(x) = So(f)(z)

Since f(x)= F(E) =xEL , ] .

land shou thatan = an
,
Bu= bra kz)

Seek Sott)= (kX) +sin(
Solution :

Sin=(x) + (02(x) = 1

Sin -(x) - (os2(x) = = Cog(2x)

=> sin2(x) =+cos(2x)
2



=> Solution o
= 1
, 2=

-

S()(x) =& - Enlos()
But let us verity by
calculation :



F - (g(2x)dx
#-
2

= 1 + [sin(2x)]
*

= 1
T

Co**)((2x)dx
2

=o (kx) - (os(*(x)((2x)dx
-

1)

(+ 4x) (s(-2)x)dx

- 1/2 k = 2
IE O k + 2

even odd
--= (2) Sin(ix) dx

odd

= O.



E8.
6 f(x) = z - X

a) Sine series on [0 , 1)

B
:

= 2So'( - X) Sin(kitx)dx

A

= ((l -2x)((ki+x)]·

-cos(k+x)dx
&

=f)
⑧#X Sinkit

b) Cosine series on [0 , 1)

20 = Joce - X) . 1dx = 0

(21 <x = 2 Jo' (E - x) (o(k+x)dx

= in [ll-2x) sin(x)].
# Sosin(k+x)dx
=2 [los (kitx)]

·
(1-(114)=



(-X-Ck(
C) Find Fourier sine series [0 , of

g(x) = =(1 -x)x using
al,b) above·

Sol : g'(x) = z - X =f
&

For

folg) busin(k
I

we obtain relation to b) :

F

xx = S'g(x(os(knx)dx
= [g(x)((ki+x)]+kπ)g(x)sin(kπ+x)dx
= (i) bu for K21 &

=> br= 3(10 (D)



Lecture Friday
&

Lemma 1 If Efr5* Cla , b] and
- N = /

7f : (ab]eR s
.
t

. IIt-fullo? O
as We on [aib], then

+ + (( ,B
. (30 Clapb] , 11 :

10013)closed space

Proof Given Eso, let No-IN be such that
-

II fNo-f1k .
Since two + ([9 ,] let

⑳ (

So be such that

Itno(X) - two <5 whenever (x-y) < S

Hence
, forany Ye Bg(x),

(f(x) - f(y)) = 1 + (x) - fro(X)( + (f(x) - fwo()) + (f(x) - f(x)

E2l-twolls + E t .

So for any >o
, we can find 830 s

.

t.

If(x)-f(y)) < - Whenever Ix-y1*

=> f + ((a ,b]
⑬



Lama2 Let Efw3c Ca , b] and

let there be functions f , g + ((a ,b)
S

.

t
.

Ilf-fille>0 and 11g-fulls o as N-0.

Then f + ([a ,b) gand fl=j
(So C'[ai b] , (11010 +110'll) is closedspace (

Proof Let F(x) := fa)+g() dy-

where f(a) is value in x=a of
the limit function f. So value f(a)
exists by assumption, andwe note

for later that

lim Ito(a) - -(a) himlf-to =0
N

andthatF - C'[a ib] since ge(lab]·
&

Let us next verity that =f.
By Hund .

the of cale,
x

fw(x)= for (a) + Jatoly) dy



and

IFM) - fw(x)) = (f(a) -fr(a)) + Ja(g() - fwt)) dy
S

< Ilf-fullo + (x- a) 118- falls

= sup If(x)-fo()) -
> Ilt-follo+ 1b-a) 118-frills

Xt(a ,b]
-> O as N- D.

Hence for -> I uniformly on
El , , and since the limit is unique,

f = lim fi = F ·

N

Moreover fix = -'(x) = g(x) .

B



Thm3 Yesterday
-
-I smooth and ->
Farrier coefts2L aperiodic E decay quickly&

*↑LThm 4 below

Torem4 Let mal be an integer.
N

If Pw(X):= + [ar((kiX) +buSin(kx)
k= 1

with (2(ai + bii) < o (1)&k= 1

then 7ftCp (possibly not with fimle()
(2)

St
. Pr)-> f() for all 02] Im-1

uniformly asNeo . And Soft=PoS
Prof Two parts:①tor m=

② induction for my 1
.

&①m= 1
.
For each x+Ev

, [Pw(x)Sr
=

is

a Cauchy sea in R since for any M> N2),

IPM- Pw(x)11ak1 + (bul = 1 (k(ult(bx))
k=N+ 1

k=N+



-(a)
-
-> O 2 + 0

both as M
,
N-D.

=> pointwise convergence

lim Pr(x)= :f(x) vx + () , D
Nex
u
we call limit f(x)

Convergence is also uniform :

IIf-Pullo = IPS-Pub
again(2)k=N+m

->0 <
-> 0 as NeD.

Since PrE(p for each
N & I, Lemma1 => f+CH , D . Moreover2

Par 2-periodic FN
b

f(1) = lim Pr(1) =lim
N- NedPH = +(1) = f + C

·

-Moreover, XExercise : why ?
L
E

(f, cos(kix()=lim <Pw , Cokix)- 3=> Salf)= Po<f, sink*) = lim <Pw, sin(kx) =bk
N-X



Part Q : Assume statement 0:
"(1) =>(2) "istrue for some mil,

C
-

k2Iand that & m+ 1) (ai +bi) < 0
· (3)

k= 1

Then for
I

N

Q (X) : = Pw'(X) =[ <,, (os(kitx) + Prsin(ki+x)(N
k= 1

with = kitbi , Br = -kitak we obtain

(3)
12m(x, + B) = 22m+ (ai +bilY
N=1

So property (D for m holds for both Poro QN,
and statement t :(1) = (2) true for m means

when -

·
applied to Pr that for some - mpE C

S

p(s) -> f) uniformly for OxjIm-1
· applied toAn that for some gt C ,

M

Qi ge uniformly forall oim-1 -
-

Since QN = PN's we have that
Qu(i) =Pr+), so g() = f(i

+) Oz]M-2

Lastly, g(m
- 1)

= f(m) follows by Lemma 2
(n+ 1) (m-2)

as p(m =Omega- & Por ofa



Summary : If statement .

O true for
m and (3) holds, then t is also
true for m+ 1.

If (3) also holds for m+2, iterate
/

Proof holds by induction.

⑮



⑳0 Eigenval Problem
- "(x) = XE(X) oX()

# (0) = 2E10) / '(l) = Ell) Robin BL

a) If (X ,) is eigenpair , then
show following :

xS'* 2 dx = S.-" * dx
= (-E '
*] -El dx

BL
= 2*40) -*D +Jo)dx

Q : Does equality imply 10 for all

eigenvalues ?
A : No

, perhaps I eigenvector with
#(1) 22*4(0) +Jody .

3) Show that x = -r2<0 is neg , eigu.

if us0 satisfies

tank(u) =
1

2-u2 (tanh(r)=
Sol X" =MI has general solution
-

E(X) = aem + be
-MX



*(x) = M(aem" - be
-MX)

BL : * (0) = 21 10) : a -bM = 2a+2)

# (1) = (1) :are"-brae + beM

=> b = a
M - 2

& ato las otherwise-

M +2
a=b =0 => =0) .

& (Inserted into secondeg.)

erke-Me = (/tt2)
=. (2 -M2)(e - e- r) =m(e+e-r)

M -
M

2=> =M
er - M

2-M (x)
+ C
wa
tank (M)

Conclusion : (M, E(*) with at o

eigenpair ift M30 solves (*) .

C) Show that eigenval problem
has exactly one negative eigenvalue
x = -M2

.



sol : From b) this is equivalent.
to showing that

f(m) = tanh(u) -
1
2-M2

was exactly one zero for M30 .

As f(MY > O * MSE , zeros
↑

·

↑must belong to E=(0 , V2) , and zerosof +
are zeros of
g(m) = (-M2) tanh(u) -M on ↑

- O

Note

g(m) = (2-1) tanh(a) -2MJanh(m)
= (2-e) (l-tanh(m)) - 2M tanhi-1
I 1-12 + (2-2) tank(r). - 2 Mtank(r)

g"(M) =2r(tanh) - 1 - tanh'(r)
+ (2-2) · 2 tank (M) (1-tank (r)(
- ztanh(M) < O on (0 ,2)

As g(0) = 0 1g(0) > 0 , glo O

2 g(v) so ,g has exactly I Zero



on (0,2) , and thos f one zero on (0,5).

d) Guess Mo = 1 .

Max =Mn-Ifrn)
f(mn)

=en-Luh2Mu--

2-M)

Gives M = 0 .8712 & X = - M22 - 0
.759

8. 11 Consider

Ut = Uxx x+ (0, 1) , + >0

ux(t) =24(0,t) , Ux(ti= U(it) +10

Explain why smooth solutions does not
in general satisfy
Su2(x+)dx = Sou,%)dx tz0.

Sol : By Ansatz U(xt) = (x)T(t)



we obtain eigenval problem
-*"(x) =X(x) x+ (0,1)
#(d) = 2000) , I'll = (1)

& T'(t) =
-XT(t) tzo

From 8
.
10 JX = -12 <O St

.

2x -* solves ciral prob#(x)= - Fuze
& it
T(t) = e

it
A (x).Particular solution : U(xit) =e

= J: u2(x) dx = e2tSox dy
> So- dx =Jux0dX.

Ex 8
.14a) Consider
ut = (Pux)x - qux Xt(0,1) ,

to

u(t) = u(l , t) = 0 tz0

u(40) = f(x) Xt (0
, 1)

where P(X)1x30 & q(x10 * x[01]

& smooth .

Prove for smooth solutions that
Et) :=Jjnz(xt)dx - So + (*) &x ↓ +z0.


