
we obtain eigenval problem
-*"(x) =X(x) x+ (0,1)
#(d) = 2000) , I'll = (1)

& T'(t) =
-XT(t) tzo

From 8
.
10 JX = -12 <O St

.

2x -* solves ciral prob#(x)= - Fuze
& it
T(t) = e

it
A (x).Particular solution : U(xit) =e

= J: u2(x) dx = e2tSox dy
> So- dx =Jux0dX.

Ex 8
.14a) Consider
ut = (Pux)x - qux Xt(0,1) , to

u(t) = u(l , t) = 0 tz0

u(40) = f(x) Xt (0
, 1)

where P(X)1x30 & q(x10 * x[01]

& smooth .

Prove for smooth solutions that
Et) :=Jjnz(xt)dx - So + (*) &x ↓ +z0.



Ed:

E'Ct) = 2 S
.

run dx
=26'u((pux)x = qu)dx
=2x = 2So'p( (4x)2 +q42dx

um und
=O 2x30 20

& 0
.

=> E(t)- E(0) .

8.17 Consider sequence [fr3C-1 , i

fa(x) = Nxe
-
(x)

E

a) show that to 0 -X-1 is (pointwise)

sol: For x =0
,
fr(x) = 0 -N so filo -> 0·

For any X+0,
'Hopital'

-
G him EN

**
x
-him to (x) =Um =

Neg 2Nyz
(X)

=
=0.

e

3) Show thatfo does not converge to o
in MSS

.

solv
. Ilto-olk = S'N3x-e-2**dx(Y=NX

- 1
N

= ↓NY2e-2ydy2 e 0 as New.



problem fit) = Ne--o , so gepst.

Iwi-g for all w
, meaningdominate conv the

does not apply .)

89 a) show that

S sin(k*)dx =0 for K= 1
, 2,...

Q : Why does this imply that [sin(x)B ,

is

not complete on $[-1, ?

Sol J! Sin(ix)dx=
If EsiCi3 were complete , then for

feet one would have by Parseral's id
A

[b = IIIII = S' dx = 2.
k=) +

E -= 0
.

But bi = J. Sin(kitx)dx = 0 =
k,

bi

-
Show &Cos (Knx)3 o not complete on PEID

.

b) Take e .g .
f(x) = X. Then

an = )x (os(k+x)dx = 0 ↓ k

Ecos(kitX)3 complete would imply
2
Do

+ E an = 11 fl= 1-

2
k=1 I so not complete.
-
=O



Ex8.20 Let EnbD[a ,b]1903 be

orthogonal . Let fePlaib] and

Su(f)(ECE, C:
Let Prix= kEn for some XeR.

k= 1

Show that IIf-Sult)11 : If-Pull

Sol : Shorthand Sn = So(t)
.

And recall
*Cf-Sn / Q) = 0 for any Que SpanE, ....-n3.

Ilf - Po Il =<f-PN , f- Pr)

= [f-SN + (n-PN) , + - SN + (Sn-PN)

= llf-SNIP +2, SN-Pr) + 11S-Palk
=8

- Ilf-Sull?

Geometric interpretation
-Sa(H)

T 9
SpanE
, ... N]



EX9. 2 Let f(x) = e
- XIN

XElB

show that him Ilto-1llo =0 onE
.

N

Soli By Mean-value thm,

e" = e-ey
,
for some bett

Hence for all yetD,

le
Y-11 zely

=> So for any Xt & N=
-
XIN

le-11e
= Sup le*-11= to usNes·
Xt(-1 , 1]

Ex9.5 Let tr()=X x[li]

u) Find pointwise hiite

f(x) = him fo(x) & g(x) =lim fauxN-

Sol : X =0 = fu(d= 0 Na =) flo =0
X* 0 = Sim * =

* =0
Nee I +NX2 ⑳

= f(x =0 XL D
.



fr(x) = 1 + NX2 - 2NX2
1 - NX2-

=-(1 +Nxz)2 ( +Nyz)2

f(d = 1 (No =g() = 1

XI0 =

fu(x) 1-NXh
I- - O as N- *

(1 +Nxt)

=> g(x) =S X =0

O XID
-b) show that f + g

Solito f= 0 and 1 =g()+ f' (0)

2) Why does this not contrad ict prop3?
soltake [a ,b] = [1 , D .

Prop 9
.
3 says

if [fr3<C -1, is converges
uniformly to feCE1 , ) and
for uniformly to ge Cl , B ,then
f =g on [-1 , D . But for does not
convergeuniformly to g, as



-sup 1 fi(x) - g(x)) - It )1=
x+ [i] (+=)2

-> I as N30
.

9 . 10

a) Use full Forier seriesof
f(x) = X2 & Parseval's id to show
that
&

I[
R4
=,

k=1

Recall : Salt)=+s(kx)2

Sol : Go =2 , ac
:

3.3

bi =0

Parseval :
&

ap+ [a = (x" dx
= ~- I(

o 16 ↓
+E- I ==

l 4 14



-4o

I II S = Y

=> E k4 --- -
k=1 ⑤

-

16 45 90

compute [()" by Parseval & f(x)=1.
k=

3) Sol : As f(x) =(x) is even,
ao = SikIdx = 1

,
K21 :

arc = S. (x) (os(kx)dx = 2Soxcokdx
=[xsin).- S:Sin(Kix)dx

=[t] =2
nam

kitz
(E1)" - 1)C
=E-2kod

&

bu =S(x) Sin(kitx) &x =Oone
even odd I
-

Edd

Sw(t) = to (os)(2x- 1)πx)



①

= - =

2

c + =an = S'dx =
k=1

I6
&
↓ -

↓
-

2k-1 4 6= #4[C (
-

17= 1

=
&

I
-4& C(4

k=,2k
- 96 O

Ex9. 12 f(x) = X3- X on Eh]

a) show that to Coti is but

fC[-1 , D
.

so: f(-1) = f(x) =0 & f(x) =3x- 1

=> f'( 1) = f() = 2 , = f+ (pt- 1,]
& f"(x) = 6x

=> f"(- 1) = - G+ + () =6 . =f



b) Explain why EK"Cam+bir1 < @k= 1

Sincef+Cp[-] & fePED,
w

if holds by Thm 9
.
5 GX

that

& k(an +b) = "If
*/12

k= 1

If it were also true that

K(an +>2) < o, then
k=,

Thm 9
.
6 would imply that

-

-ge CE11 with
tourier series 6

So(g) =
-

+ [an((kn+x) +buSin(ki)Ro
k= 1

-

1
-GoThis means 8-f = % = C

2

functions only differ by a constant
which would imply the contradiction
that also f = g - 2 belongs to CoE1 , D &O



c) f"(x) = 6X I notation
I

Solf")= bi Sin(kitX)
k= 1

with b =6) ! Sin(kX)xdx

= 12S' Sin(kitx)xdx

= [Cos(x)x]+
= ()k

+

eco] & feP(
,
1] =

So(t) = ad t dis cos(kiTX)
z k=1

with-itall = ban=
as = S:BX-17 dx

& Sg(t) = Ebsin(kx)
with ibrai



Conclusion :
&

[Kb= I - ①-
k= 1

2

&
agrees with parts a & b)

E9. 17 (Relates to proofofThm 9
.4)

a) Let H(x) be 2-periodic extension
of

H(x) = 2 ! x (0 , 1]
Xe (- 1 , 0]

and for 8 + 10t) XED , let

5 H(x+ y)dyHy(X) = 28 -8
&

Show that SCHs-H)dx so as 860.

Sol Write H(x)= Hy-



Then J. (Hg -H)"(x)dx
=) ! (H(x +y) -H(x)dy)dx

> igzdy-Hd
A

28

T#(x+
-1) -H(x))2 S

( IXI > 1-S
I

or 1xK <G

when YeEf
,
S

lo elseum
↓ ↓S

,
But y d28

-1
,
-Ht) ,

1 dx= Sas
,DUFG,] US , J-+f

= 48-0 as 60



b) Let ge C: -1 , M , and show that

Iim 11g-g, /
=0.

860

Sol : As in a) we have that

g(x) - gg(x) = t g(g(x) -g(x+y)dy ·
Let Cg =Mr EDX25

,5
(g(x) - g(x+y)))

SinceG is uniformly cont , on [1 , B,
Cs-0 as S60

,
and

S! (g(x) -gg(x))dx

= J!( g(x) - g(x+y)dy) d
<i) %1 dyJ-g(xdyd
↳! Sdydx = 2 G 30

as S .60.



2) Explain why any 2-periodic
fePEID can be written

f(x) = g(x) + c ; H(x - xj)
j=

Sol : f has M discontinuity points
X , , . . ., Xm .

Let Cj := +xit) - f(xif

g(x) := f(x)
- (H(x - xi)
j=

Then g is 2-periodic , since f & H(-Xi)
all are 2-periodic

.

Moreover

ge ([-1 , 1) since it is only possible

thatgatxxisAs
j = i
M

& g(xit = f(xi) - E
j= i+

=> g(x+)-g(xi-) = f(xi+) - f(xi) - Ci
= O for i = y...

M .



d) Show that

Ilf-fill - 0 as 160 for
any feP(-1 , 1) .
Sol : By 2)/n7g + (811 st.
f(x) = g(x) + zcjH(x- xi)

By linearity

fa=eg(x +y H(x-Y
= g,() + [CjHg(x-xi)

=> IIt-fall = Ilg-ggll
M

+ [ki) (H) -xi) -H -xi)()
j = 1

-> O as 860 by
b) & a)



10 . 1 Letfelo ,l] and f + P(o,].
with f(o) = f(l) =0. ShowAnat

S+(x)dxx)"dx
⑨

Sol : Let f(x)=E
X + [0 ,e]

Xe[-l,0)

and g(x) = F((x) x + (1 ,]

Then g(x) :=F(ex) = -F(-(x)
=

-g(-x)
is odd , ge Cp[-1B and

ge) [ k]
. o

Hence g(x) = [bu sin (kx)
*

for some [babk= and by Thm 9
.

5

g'(x)= bi((kTX)



Paneral o

so](g(x))"dx=[bik= (

Passeval
- I

z +22bEπ)
,
(g(x))2dx

k=

combined with

Ex5 ,(g'(x)12dx =26 et) *))2dx
=2e')dy

and

S.@(*) [dx = 29. (f(ex)dx

=E ( dy
we get that

Sof(y))2dy- dy



10
.
2 Let + eCoFlD & f'tPEuD

,

and assume that J , f(x)dx = 0 (*)

al show that t =o = + =o.

sol : J' =0 = + = c

() = I
_

idx = 0 = = 0.

b) Establish Poincare's ineg

Stixdx = Lix)dy
Sol By properties off Sans , but st
-

f(x) = @ancos(k+x) + by Sin(k+x)
k= 1

and ao = S fixd 0.

+ '(x) = (i) (bycos(kπx) - asin(kπx)

St)dy certa



+bef
10.3 Find an ec'[o is with

f(0) = 0 S
.

t.

If1) >#It'll ·Why does it not

contradict Corollary 10 . I :-Hillge po11 .gl J :2with D2
Soli Take f(x) = X .

Then

Mi ,whileIIfl = 6. x2dx =M
IIt'll = S'1dx = 1

.

=>
= 11 .

Does not contradict for 10
.
1 as

f(i = 1 => f + Co20D.
&



1.7 Consider

Ut = Uxx X+ (- 1 , 1) ,
+30

u( 1
, +) = u((t) , ux( (

,t) = ux() ,t) tz0

n(x,0) = f(x) x + ( 1
, 1)

Let fePEl , B ,

Sw()= G(kx) + buSinkK

e)((x, +) = 2 + 2 2
(k) t (an los(kitx) +busin(kitx)C

k= 1

with formal so U = 40.

a) show that u( ,t) - (E11] for
any
t >0.

Sol: For so, [U(,+)3Nc ,
is a series

offunctions and for any meIN
&

k2m-2(kit(am + biz)E e
-k= 1
Lem 10

. 2

↑

=)e-m& Mmiz
&

an +bi Mmel + 11<0·L Mm E
,tk
=1



Thm 9
.
6 =>U ,+) -> U(t) uniformly

on E1 , 1) as Nex and that

U6eC+ [1 , 1 for any meIo

Hence U(
,+) = (8El , B.

b) Let Elt) = S, ur(x ,+) dy
Explain why in general it is not true
that lim Elt) = 0.
ta

Sol : Take fel . Then I

is the unique solution, and
E = 2

.
V + 10.

2) Show that if Sf(x)dx =0, then
E(t) < e-2

+

E(0)

Sol : Then ao = Si f(x) dx = 0 so

Elt) = 114c , t)112 Parseval)
2

= & e-2kit (ai + br)-

k= 1



-ht
& e

2 + bu
k= (

Le
2πzt

11 + |k = ezz E(0) .

Ex0.8 Let feP[oD , with

Sn(t)= <Sin (kitX). For to o
,k=

set f(x)= Sink

a) Show that - Coolii] for

any >0.

sol : Let to and let

be odd extension of for
Then for any meIN
& &

zm -2kt

[ K C MostE-m
k =

=Mm,t Paraval
= 2Mmit)! fix)dx <*



Where by Lemma 10 .2

=En

Thm 9
.

6 implies that
~

- F:I
, uniformly on [1 , 1]fo

t

& that . I [1, for any meIN
Moreover I(x) =Sim F*-x)

E
t Newm

=-him-F(x)
t
-

== f(x)
so I is odd.

t

Lemma 10 . )
2

f odd & FeC1 , D 21 =>
t

toFilous satisfies + D

↓ m ? 1
·



(b) Show thathim llf-fl =
Sol :

And

Ilf-fell <Ilf-full + 11 f
*

-fill

+If -t ll =: Int, N
,t

Wherepareval so
T = [cit 0 as we
-N

1N+ (

N

#2 - [CY(l-e
- +)2-Nit

k= 1

[ (l-e-Nt)- 211112 - 0 as too
O

T
-#Init - E e-2tIn30 New

↑

k=N+1

Consequently,
him If-fell-tim limit-tell = 0

.

t 60 N-g to


