Solutions to the exam in M AT3400/4400, Spring 2026

Problem 1
Find the limits of the following numerical sequences (¢,,)22; as n — +00. Remember to justify
your answers.

(a)

/+°° 1 <a:+7rn)d
Cp = Sin X.
")y 1422 2n

+0o0
Cn = / e VZ cos(az™)d.

(b)

Solution:
(a) Consider the functions f,(x) = HxQ sin (””;—:{”) Since ™ — Z as n — +oo, we have

2n
fn(x) — 1+ ——. We also have |f,(z)| < 1+ ——. Since the last function is integrable on [0, +00), by
the dominated convergence theorem we conclude that

> > dx o
cn:/o fn(x)dx—>/0 m:arctanx‘o =5

(b) Consider the functions fy(z) = 1}, 1) (z)e~V® cos(z™). Then f,,(x) — 0 as n — 400 and
| fu(x)| < e VZ. Since the last function is integrable on [0, +00), we conclude that

Problem 2
Assume (X, B, 1) is a o-finite measure space.

(a) Assume v is another o-finite measure on (X, B) such that ¥ < p. Explain why for any
measurable function f: X — [0, +00] we have

/de—/ ren

(b) Show that if v is as above and 7 is another o-finite measure on (X, B) such that n < v, then
dn dn dv

- = p-a.e.

dp  dv dp

Solution:

(a) The equality holds for all f =14 (A € B) by the definition of the Radon-Nikodym derivative.
Then it holds for all positive simple measurable functions f by linearity of the integral. Finally,
to see that it holds for all positive measurable functions f we take a sequence of positive simple
measurable functions f, such that f,  f pointwise and apply the monotone convergence theorem.

(b) Take any A € B. Applying the definition of the Radon-Nikodym derivative and then (a) we

get
dn dn dv
Tadn= | 1y—dv= | 1 —d
/X Aarn /X AdVV / Ad d K-

This gives the required conclusion by essential uniqueness of Radon—Nikodym derivatives.



Problem 3
Recall that S(R) denotes the space of Schwartz functions on R.

(a) Determine whether the function f(z) = e~ sin(e®”) lies in S(R).

(b) Show that there is no function f € S(R) such that f*g = g for all g € S(R), where * denotes
convolution. Hint: Fourier transform.

Solution:
(a) We have
f(x) = —2ze” @ sin(e” )+ 2x cos(e” 2).

We see that the function f’ is unbounded, hence f is not a Schwartz function.

(b) Assume there is such a function f. Since the Fourier transform maps the convolution of two
integrable functions into the product of their Fourier transforms up to a scalar factor, namely, the
factor 27 in the conventions used in the class, we then have 2rf§ = § for all g € S (R). Since for
every point x we can find some g € S(R) such that §(z) # 0 (for example, we can take g(z) = e~%"),
it follows that f = s=. Since f is itself a Schwartz function, while any nonzero constant function is
not, we get a contradlctlon

Problem 4
Assume (X, B, i) is a measure space.

(a) Formulate Holder’s inequality. Using it prove the following generalization: if p,q,r € [1,00)

are such that — + — = —, then for any measurable functions f,g: X — C we have
p q
/p 1/q
/ saran) < ([ 1ran) ([ lotta) "
X
(b) Use induction to prove the following even more general inequality: if pi,...,pn, 7 € [1,00)
1
are such that — +--- 4+ — = —, then for any measurable functions f1,..., fn: X — C we have
P Pn r

(/X\f1...fn|rdu>1/r ; kﬁl (/X Ifklp’“du)l/pk.

Solution:
(a) Holder’s inequality states that if f,g: X — C are two measurable functions, 1 < p < oo and
it

q

=1, then
Jotala< ([ 1a) ([ topan) ™

Applying this inequality to the functions |f|", |g|" and the numbers p/r and ¢/r instead of p and ¢,

we get,
/leglrdus (/X|f|pdu)r/p</X\g|qdu)r/q.

Raising this to the power 1/r we get the required inequality.

1
D

(b) The inequality is obvious for n = 1. For n = 2 it is proved in (a). The general case is proved
by induction on n. For the induction step, assume the inequality is true for some n > 2 and let us
2



prove it for n+1. Let p € (1, 00) be such that pil—k' . -+Fln = ;
and the inductive assumption we then get

([t ualan) ™ < ([ 1neesapan) ([ laapesran) ™

< (/X|f1‘Pld,u>1/P1_,, (/X|fn’pndﬂ>1/pn</x|fn+1]p"+1du)1/pn+l7

= 1. Applying (a)

which is what we need.
Problem 5
Assume (X, B, i) is a finite measure space.
(a) Show that for all 1 < p < ¢ < 0o we have LP(X,B,du) D LY(X, B, du).
(b) Show that for any f € L*>°(X, B, 1) we have
1o = Tim 1l

Solution:
(a) Assume first that 1 < p < ¢ < oco. Take f € LY(X,B,du). Let r € (1,00) be such that
+ % = 1. Applying Holder’s inequality to \ fIP and g = 1x we get

Javdn < ([ aryran)” / ardn) " = ([ 171dn) "

Raising this to the power 1/p we obtain

</X )" < /X 1) e

(Alternatively, apply 4(a) to f, g = 1x, r = p and p = ¢.) This shows that f € LP(X, B,du).
Consider now the case g = co. If f € L>®°(X,B,u) and 1 < p < oo, then

([ 1apdn)" < (111 0) " = 1l ), (1)

P
q

so f e LP(X,B,du).
(b) Take f € L=(X, B, i1). Then by (1) we have || f|l, < ||floo #(X)'/P and hence
limsup [|fflp < [|flloo lim p(X X)VP = f oo (2)

p—o0

If || f]lo = O, there is nothing left to prove, so assume || f||o > 0. Take 0 < & < || f||co and consider

the measurable set
A={z:[f(@)] > |flloc —}-
Then p(A) > 0 and we have

/
11> ([ 177a) ™" = (17 = ),

hence /
N > _ . 1/p _ _
liminf || fllp 2 ([lflec — ) lim p(A) [ flloo

Since this is true for all 0 < & < || f||o0, We thus get
o S
liminf [ fllp = [1f]loo,

which together with (2) proves that lim ||f|l, = |/ flcc-
p—ro0
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