Exercises for April 7 - April 10
21.5(1)-(ii), 13.9, 13.10
Additional exercise (cf. 13.15)

Assume (X, B, ;) is a measure space. Denote by By C B the collection of measurable
sets of finite measure. Recall that for sets A, B their symmetric difference is defined by
AAB = (A\ B)U (B \ A). Define an equivalence relation on B; such that A ~ B iff
u(AAB) = 0. Denote by [A] the equivalence class of A.

(1) Show that the set B/~ of equivalence classes is a metric space with metric

d([A], [B]) = n(AAB).

(2) Take 1 < p < oo. Show that the map By/~ — LP(X,du), [A] — 14, is a well-defined
homeomorphism onto its image. Show then that the space LP(X,dpu) is separable if and only
if the metric space (By/~,d) is separable.

(3) Assume p(X) < oo and A C B is an algebra of sets such that B = o(A). Show that
the set {[A] : A € A} is dense in B/~. Hint: show that the collection of sets B € B such that
for every e > 0 there exists A € A satisfying u(AAB) < ¢ is a o-algebra.

(4) Conclude that if p is o-finite and the o-algebra B is generated by countably many sets,
then (By/~, d) is separable and therefore the spaces LP(X, du) are separable for all 1 < p < oo.



