
M A T 3 4 2 0 : Q u a n t u m Computing

G o a l o f th i s c o u r s e

- u n d e r s t a n d fundamental f r amewo r k s / paradigm behind

quantum computation :

quantum mechanics, complex l i n e a r algebra, probability
- k n o w s o m e important "quantum" algorithms :

prime f a c t o r i z a t i o n , G r o v e r ' s algorithm,..

- s o m e "quantitative" analysis

i n fo rmat ion capacity (entropy ) ,
e t t o r c o r r e c t i o n

universal ity o f q u a n t u m gates .
. -



C r a s h c o u r s e o n quantum m e c h a n i c s

( L e c t u r e 2 i n m a i n r e f . )

Q u a n t u m mech a n i c s i s a b o u t :

- physical phenomena a t s m a l l s c a l e (d is tance , ene rgy, . . )

→ w e n e e d complex vector- v a l u e d func t ions ) a n d probability
t o explain t h e s e ( e v e n t o understand single particles )

Example : d o u b l e s l i t experiment
d o o r c losed do o r open

wall s c r e e n s c r e e n

light s o u r c e ⇒⇒÷÷s÷i÷÷÷.
" "
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- . but i f w e also m e a s u r e wh i c h s l i t t h e photon we n t through

wall s c r e e n detectors o n s l i t s
s c r e e n

⇒ a : #
light s o u r c e,§§%
¥'s

detector / )
t o explain these

,
w e n e e d these paradigms :

- s t a t e s o f particles a r e described by
"wave f u n c t i o n s " tock,g , - - - ) complex valued functions

- probability o f finding particle around s c o , y o . . - n#Coco,yo,..jp
- "superposition" o f t w o s t a t e s Born r u l e¢ , t 42

- mea s u r emen t o f t h e particle w i l l change i t s s t a t e



a n o t h e r important paradigm .̂

| . a t s m a l l s c a l e , e n e r g y l e v e l i s d isc re t i zed

( b u t w e w o n ' t u s e t h i s m u c h )

→ t o explain t h e d o u b l e s l i t experiment

pick a region i n t h e s c r e e n

× , e ¢ : t h e expl i tude o f photon h i t te rs t h a t region
when only o n e s l o t

open
( s l o t 4 )

x , e ¢ : t h e expl i tude o f photon h i t te rs t h a t region
when only o n e s l o t

open

( s l o t s )
2 ) 1=21220 probability o f photon killing t h a t

r e g i o n
t w o s l i t s open r x amplitude L i f t s

, prob. I X . +2212



Tr a n s fo rm a t i o n o f system a s m a t r i c e s

( s e c t i o n 2 . 1 i n m a i n r e f . )

t h i n k o f a system w i t h t w o possibilities

e x . a c o i n o n a t a b l e : "heads up" o r " t a i l s up"

t h e sys tem c a n b e i n v a r i o u s different s t a t e s :

- i n e a c h s t a t e , w e have probability distribution

PChead s ) = p , PC t a i l s ) =q ( p -q s o , p i g - E )
- transforming t h e s t a t e w i l l change p - q

→ mode l a s t a t e by v e c t o r (Pg]

a transform by m a t r i x M =/" b

-
d]



Example
' ' t u r n t h e c o i n over"

change t h e s t a t e f r o m /}] t o (§]
M e fo

I

I o] ; 14/41=19p]

Example " f l ip t h e c o i n fairly"

change t h e s t a t e f r om (f) t o (II)
M - I I I ) ; Ml}] - - I}) by p e a - I



C o n s i d e r t h e cond i t iona l probability
Pfa lb ] = probability o f setting " a " given " b "

I> ( a l b )
→ t r a n s f o r m a t i o n m a t r i x i s

PC h e a d s / heads] P[heads / ta i ls]
" = (pl

t a i l s l heads] PC t a i l s l

tails]]

e x . turning o v e r PCh I t ] = I , PCh 1 4 7 = 0 . - -

f a i r f l i p P Ch I h ] = I
,
P [ h I t ] = L , - - -

M o r e complicated e x .

M = (§ I} :

i f the c o i n i s heads u p , d o a f a i r flip
i f i t i s t a i l s u p , fl ip i t o v e r



W h i c h m a t r i c e s d o w e get a s 1 4 ?

µ = (
P l h e a d s / heads] P[heads / ta i ls]

P l t a i l s l heads] P [ t a i l s l

tails]]

- e a c h entry i s a nonnegative n umbe r a - I[-
s u m o f e a c h co lumn i s 1

u s t h e s e a r e c a l l e d s tochast ic m a t r i c e s

t h e s e p r e s e r v e probability d is t r ibu t ions

( f ) a . b > o , a + b e ' t

M s t o c k . m a t
.

⇒ I n (ab) = (ab:] a : b ' > o a ' t b ' s ' t



Combining systems

f o r simplicity , u s e "bits" i n s t e a d o f co ins

s o poss ib i l i t i es a r e " O " o r " I "

a n d l o o k a t a system o f t w o b i t s

t h e s t a t e o f " b i t 1 " i s represented b y lab]

a , - b 3 0
,

a + b e 1

t h e s t a t e o f " b i t 2
"

i s represented b y l'd]
t h e e n t i r e system i s represented by 4830, c u d - I

{
PC bit 1 = 0 , b i t 2 = 0 ] = a c

1)s u m = ' s
PC bit 1 = 0 , b i t 2 = 1 ] = a d

nonnegative numbersPC bit 1 = 1 , b i t 2 = 0 ] = b e

PC bit 1 = 1 , b i t 2 = 1 ] = b d



tensor product (Kronecker product)
a c

( g ) o l d ] = (adIq}

models t h i s c omb i n a t i o n

"

(
" " " " " '" " " " " " " " ' " " "' " "

{
" "

' " " "

K l , l Y l , l K i , I 91,2 - - - 39,2 Y i , i - - -

" l , l Y 2 , I - - - 2 1 , 2 92,I - - - -

i

K 2 , I Y i , l X 2 , 1 Y 1 , 2
- - - -

K
2 , I 42 , I

i.

'

'

. .



manipulating t e n s o r product

181×01:] +1%1×46]. Lata'bib'] @ (d)

t -111×01:) +151*1%1=111-l"'dad']

distr ibut iv i ty ( 1 × + 4 1 2 = 1 1 2 + 7 2 , . . )

b u t (f) al:L ± ( f ) o l : ]
n o commutat iv i ty X Y + Y X



Tr a n s fo rma t i o n o f t h i s s y s t e m : 4 × 4 s t o c h a s t i c m a t r i x

E x amp l e i C N O T ( c o n t r o l l e d N O T )

i f b i t 1 i s 0 , d o nothing
i f b i t 1 i s 1 , f l i p b i t 2

I O O O

( N O T = (8 It O O)
O O I to

t r a n s fo rm t h e s t a t e (¥]o('to] = (¥) by C N O T :

I O O O

o)
;
t h i s i s n o t o f the formI i iI : : : : * :o I

÷ 111*181



d is t r ibu t ions of t h e form ( f ) • (d) : uncorrelated d i s t r .

- n o t of t h e form ( f ) • (d) : correlated d i s t r .

M a t r i x m o d e l o f quantum mechan ics !


