
Q u a n t u m gates ( s e c t i o n 4 . 1 i n m a i n r e f . )

Terminology
A g a t e i s a unitary transform (unitary ma t r i x ) o n ¢ "
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M e a s u r e m e n t o f quantum mechan ica l s y s t e m

sett ing i I N f o r s o m e Q M system

1 V i ) (OE icN) s o m e otthonormal bas i s o f E N
S t a t e

corresponding t o s o m e "type" o f i n fo rm a t i o n o n t h e system

- va lue o f i ; possible v a l u e o f t h a t i n f o . t y p e

E y . s p i n "up" o r " d own " f o r e l e c t r o n

- s t a t e o f t h e system w i t h v a l u e i : I v i ) e @N

(generalized ) B o r n r u l e

suppose t h e system i s i n s o m e gener ic s t a t e represented
by 14) c - I N . w h e n y o u

d o a m e a s u r e m e n t , y o u g e t
u n i t v e c t o r

t h e v a l u e i w i t h probability pi=/¥¥µ2
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C o n t r a s t b e t w e e n g a t e s a n d m e a s u r e m e n t s

Unitary t r a n s fo rm a t i o n s (gates) t f a r e

- i n v e r t i b l e 1 r e v e r s i b l e i U - t - V t ( V t - = I n )

t r a n s f . 14) → Ip ) =-014) c a n b e reve rsed i l y ) i s -0119)
V t - 0 1 4 > = I n 14> = I t )

-
d e t e r m i n i s t i c : mode l l e d by a map C N → E N

" o n e output f o r o n e input" 14) H V I X )

- c o n t i n u o u s i n t i m e I mode l l ed by V t = e x p l i t H )

f o r s o m e H t = H ( s e l f adjo int 1 Hermitian)

exp ( X )
= I n t X + { x ' t . - + ¥ . X " t . .

b u t i n practice w e f i x s o m e va lue o f t a n d t a l k a b o u t

just o n e V - ✓ t o



Pem . e x p l i s t t ) e x p l i t H ) = e x p l i c i t ) H )

s o V E i s a s q u a r e r o o t o f V t

( V j ) 1 0 E j C N ) orthonormal b a s i s diagonalizing H

w i t h H I V ; ) = x ; I V ; ) u s Vt l v ; ) = eittily.>
M e a s u r e m e n t s a r e

'

.

- i r r e v e r s i b l e : w e c a n n o t m o d e l m e a s u r e m e n t by a n

i n v e r t i b l e t rans fo rm / a f t e r m e a s u r e m e n t o f o n e

i n fo rma t i o n , t h e sys tem i s i n a n e w s t a t e a n d i n f o .

o f othe r type a b o u t t h e prev ious s t a t e i s l o s t

- probabilistic : w e c a n o n l y predict probability o f outcomes

- d iscont inuous i n t i m e : change o f s t a t e happens

instantaneously



Q u a n t u m c i r c u i t n o t a t i o n ( sec t i on 4 . 2 i n m a i n re f . )

" c i r c u i t diagram" f o r v a r i o u s opera t ions o n gub i ts

E x . p r e p a r e t h e 1 1 7 gub i t , t h e n apply t h e H a d a m a r d

gate t w i c e , t h e n m e a s u r e t h e system ( f o r s o m e i n fo . ) :

l ' t ) -DH-DH-xD

i . e , t ]?- g a t e acting o n single gub i t ( 2 × 2 un i ta r y mat.)

4 ¥ s o m e m e a s u r e m e n t

w e c a n h a v e g a t e s acting o n multiple g u b i t s

( 2N x 2N unitary ma t r i x ) 't.IE/I3"
E x . I E C N O T g a t e



single gubit gates

+NOT- = - 1 × 7 : [ I E ) N O T 1 Pa u l i - X g a t e

- F f i L? I ] P a u l i - Y g a t e

- E T '

. [ 'to %] P a u l i - 2 g a t e

- F f : ¥14 I , ] Hadama rd gate

TROT, ; frost - s i n e

s i n e
coso] r o t a t i o n g a t e

- ROD. : (to {if] phase sh i f t g a t e

420=2,2.
= F f i T g a t e tR¢=¥f= - B - : S g a t e

[ ÷ ) l't i t



T w o - gutsit gates 101×010)
f
( o o ) ⇒ t o o )

-

: (I 1 ) 101> ↳ 1 0 1 ) ( N O T g a t e¥ 0 I l ' t o > H I I I )
A O 1 1 ' t ) ↳ 1 1 0 )

( o o ) ⇒ t o o )

9 -
I f

i l"'t 1 . ,] 101> ↳ to ' t>
1 1 0 > ↳ 1 1 0 ,

controlled - 2 g a t e

1 1 1 ) H - I I I )

( somet imes ¥ because i t 's i n v a r a n t under l i j s a l j i ) )

¥ so,]
" " '" ' o o '

*
i l't 0 I 101> ↳ 1 1 0 )

1 1 0 > H 1 0 1 ) swa p gate
1 1 ' t ) ↳ I I I )



T h r e e -

g ub i t gates

t o * j > ↳ l o x ; > To f f o l i g a t e
I * o j > ↳ 11*0 j )¥5 :
1 1 1 0 ) t o 1 1 1 1 )

controlled - controlled - N O T

l ' t ' t ' t ) t 1 1 1 0 )

F r e d k i n g a t e

I I I :
" * * ' ' → t o * * ,

1 1 j k ) t l ' t k j ) cont ro l l ed - s w a p



Tu r i n g ' s paradox / quantum Z e n o ef fec t ( sec t ion 4 . 3 )

suppose w e h a v e s o m e dev ia t i on f rom o u r i n i t i a l s t a t e

d u e t o s o m e e r r o r , e t c .

original s t a t e ( o ) ,
b u t a f t e r t i m e t e w e a r e i n

t h e s t a t e fo e ) = c o s e l o ) + s i n E 1 1 ) = R s 1 0 7

performing m e a s u r e m e n t ( for I o ) , 117) a t t i m e t [ ,

f i n d s t a t e 1 0 ) w i t h prob. ( (012 ) 12 = c o s - E ~ I - e?

s t a t e l ' t ) w i t h prob. ( ( I t v ) 12 = s i n - E ~ E Z

- w e w o u l d h a v e tag ~ # t e i f the ro ta t ion i s c o n s t .

- performing m e a s u r e m e n t w i t h i n t e r n a l tea ,
N t i m e s

w e wou l d f i n d s t a t e l ' t ) w i t h proh. n N . ( f )' = ¥
a t m o s t



( c o n t . ) consequence'.

frequently observing a Q M system slows d ev i a t i o n

experimental conf i rmat ion ( ' 8 9 )



"Elitzer - Va i dman bomb"

thought experiment :

c o n s i d e r t h e " b o m b " m a c h i n e :

a c c e p t s input 14) E @2 ( o n e gabit )

performs m e a s u r e m e n t f o r b a s i s ( o ) , l 't)
i f 1 0 ) i s obser ved , output t o >

i f 1 1 ) i s observed, explode

t h e r e i s a s u i t c a s e t h a t might c o n t a i n t h i s m a c h i n e

i f t h e r e i s n o bomb , input gub i t i s r e t u r n e d

i f t h e r e i s b o m b , i t w o r k s a s a b ove

s t a r t w i t h 1 0 0 ) = l o )
, c o n s t r u c t I r i ) ( i - I , 2 , - - ) by

- f e e d I v i ) t o t h e su i tcase , g e t 1mi)
- ( i f i t d i d n ' t exp lode) apply r o t a t i o n Ivit'> = R e 1mi ,



after N - ¥ t i m e s r e p e a t

i f t h e r e i s a bomb, w e r e c e i v e back t o> e a c h t i m e

( o r explodes)
t h e n h i ) = R s l o ) = c o s [ l o ) + s i n 2 1 1 )

b omb ob s e r ve s 1 1 > with,prob. s i n k
i t h a s exploded up t o probability -

I s i n e ~ I s
i f w e s u r v i v e d , m e a s u r e m e n t f o r 1 07, l ' t ) gives 1 0 )

→ w e s u r v i v e w i t h prob. I - ¥ ,
m e a s u r e m e n t g i v e s t o )

i f there i s n o bomb, w e r e c e i v e louis - I r i ) - Reine"'>

1 0N ) = Ren 1 V ° ) ~ c o s I z l o ) + s i n ¥ 1 1 ) = l ' t >

m e a s u r e m e n t f o r 1 07, 1 1 ) gives 1 1 7 almost certainly

~ ) w e c a n d e c i d e i f bomb w a s i n the s u i t c a s e o r n o t

w i t h high prob.



Fev i ew o f guisz

compos . prod M M ' : apply 14' t o t h e s y s t e m ,

t h e n apply M

c o n v e x c o m b i n a t i o n t M + ( I - t ) M ' :

w i t h prob. t apply M , w i t h prob. ' L - t apply M '

t e n s o r product 14×014'

apply 1 4 t o o n e p a r t o f t h e system

µ ' t o a n o t h e r p a r t

p o g t o M p @M's
u n c o r r e l a t e d

prob. d i s t r



compos . ptod U V ' : apply U' t o t h e s y s t e m ,

t h e n apply U j ( U v ' ) t = u ' t u t = o ' - ' u - l

= @ U ' ) - l

c o n v e x c o m b i n a t i o n t U + ( I - t ) U ' wo u l d b e

w i t h prob. t apply U
,

w i t h prob. ' L - t apply U'

N O T d e t e r m i n i s t i c ! I z , - I z u n i t a r y t I z t ( I - te l l - I z )

= ( s t - 1 ) I z
t e n s o r product 0 × 0 U'

apply u t o o n e p a r t o f t h e system

U ' t o a n o t h e r p a r t (0×001) + = U t y o u ' t

( 0 × 0 0 ' ) - l = u - 1 × 0 0 ' - I1 4×0 I V ' s f ) U I u ) X o O ' I v ' s
s t a t e v e c .



general proper ty o f t e n s o r product

( A x o B ) (A'013') = A A ' @ B B '

( A @ B ) ( t o > x o l m > ) = A l o ) @ B l u e )

( A @ B ) (A-' O B - ' ) = I n @ I n ⇒ A-1×0151=41×0131''


