UNIVERSITY OF OSLO

Faculty of Mathematics and Natural Sciences

Examination in: MAT 3420 — Quantum computing
Day of examination: Thursday 05 June, 2025
Examination hours:  15.00-19.00

This problem set consists of 7 pages.

Appendices: None

Permitted aids: None.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1

Determine for each of the following statements whether it is true or not.
Give a short argument for your answer.

la

(5 pts.) There is a unitary operator U : C? ® C* — C? ® C? acting as
U(lz) ®10)) = |z) ® |z) for z € {0,1}.

Solution: True. The CNOT gate does the job.

1b

(5 pts.) The set {H,T,CZ} consisting of the Hadamard gate, the T-gate
and the controlled-Z gate is a universal set of quantum gates.

Solution: True. We have CNOT = (1, ® H)CZ(1, ® H) and we know
from the lecture that {H,T, CNOTY} is universal.

lc
(5 pts.) There is a unitary operator U : C? ® C* — C? ® C? acting as
U(|9)) = |¢) for [¢) = (|0) @ [0) + |1) ®[1))/v2 and |¢) =[0) @ |1).

Solution: True. Either we can extend |¢) and |¢) to ONBs and build the
unitary operator explicitly, or we note that the unitary operator

U= (H®X)CNOT,
does the job.

(Continued on page 2.)
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1d
(5 pts.) The quantum state |a) € C* @ C? given by
1
@) = 70 @0 +[0) @ [1) +[1) ®[0) +[1) ® 1) +[2) © [2)),
is entangled.

Solution: True. We use the method from the lecture. The quantum state
corresponds to the matrix
11
1
— |1 1

\/300

which has rank 2 (span of the columns/rows is clearly 2-dimensional).
Thereby, the Schmidt-rank of |¢) is 2 and [¢) is entangled.

0
0,
1

le

(5 pts.) There are unitary operators Uy, Us : C* — C? such that
(U @ Us)(|9)) = |) for [9) = (|0) @ |0) + 1) ®[1))/v2 and |¢) = [0) @ [1).

Solution: False. For any pair of unitary operators U;, U, : C? — C? the
state (Uy ® Us)|t¢) has Schmidt-rank 2, and hence it cannot equal the
product state |¢).

1f
(5 pts.) Consider two qubits in the quantum state |¢)) € C? @ C? given by
4) = (H © H)CNOT(H & 1,)(0) © [0)).

If my, my € {0, 1} are the measurement outcomes when measuring each of
the qubits in the computational basis {|0), 1)}, then we always have
my = Ma.

Solution: True. The circuit first prepares the maximally entangled that
1) = (|0) @ |0) + |1) ® |1))/+/2 and then applies a Hadamard gates to both
qubits. By an identity from the lecture we have (H ® H)|¢y) = |[¢)) and
hence the measurements are just applied to each half of a maximally
entangled state. Clearly, the measurement outcomes are perfectly
correlated then.

Problem 2
(10 pts.) Consider the quantum state |dyagic) € C? given by
1

|90magi<:> = \/5 (|O> + 6m/4|1>) )

(Continued on page 3.)
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and recall the single-qubit gates

10 1 0
S—(O i)’ and T—(O e”/‘l)'

Consider the following circuit: Here, the state |1)) € C? is some unknown
v [sfF—1#>

| G & @J

input state and the measurement is with respect to the computational
basis. Show that [¢)') = T|¢) (up to a phase factor), i.e., the circuit
implements the T-gate using the magic state as a resource.

Solution: We set |[¢)) = a|0) + b|1) for a,b € C with |a|* + |b|*> = 1. Then,
we compute

CNOT(|¢) ® |‘Pmagi6>)

— (S=[0) + —=e4[1)) @ |0) + (—=€/4]0) +

0 50 i

If the measurement gives outcome 0, we find the post-measurement state

[0) = V2

) @ [1).

z7r/4 —a eiﬂ'/4 — )
\/—|0> \/— 1)) = al0) + be™ (1) = T¢)

Since S is not applied in this case, we find that the |¢)') = T'|¢)). If the

measurement outcome is 1, then we find the post-measurement state

a b
|th1) = \/5(%6 EID)

Since S is applied in this case, we find that [/ = e"™/4T'|1)) which
represents the same quantum state as T'|)).

m/40) + = ae™*0) + b|1) = ™ASTT|ep).

Problem 3

Let x = xox; denote a fixed 2-bit string.

3a
(10 pts.) Consider the single-qubit unitary operator U, : C* — C? acting as

Uelj) = (=1)"15),

(Continued on page 4.)
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for j € {0,1}. Compute the quantum state HU,H|0) and compute the
probabilities (depending on x) of obtaining the outcomes 0 and 1, when
measuring it in the computational basis {|0), |1)}.

Solution: We compute

Ual0) + Uul1) _ (<1)10) + (=1)7 1)
¥ V2

) ) ifzg £ 2

HU,H|0) = H

If xg = x1, then measuring in the computational basis gives outcome 0 with
certainty. If zy # x1, then measuring in the computational basis gives
outcome 1 with certainty.

3b

(10 pts.) Consider now a 2-qubit unitary operator U’ : C* ® C* — C? @ C?
satisfying

U(17) ®10)) = (=1)"1j) @)
Compute the quantum state (H ® 15)UL(H ® 15)(|0) ® |0)) and compute
the probabilities (depending on z) of obtaining the outcomes 0 and 1, when
measuring the first qubit in the computational basis.

Solution: We compute

U (He1)(0)el0) = 02122 '%}'” 210 _ 75 (17100 10) + (17| 9 1).

Then, we obtain

(H & 1L)U(H  1,)(0) ® |0))
L (Do) () (—1)™[0) — (—1)]1)
=5 (’0> “ V2 2 )

Measuring the first qubit in the computational basis gives outcome 0 with
probability 1/2 and outcome 1 with probability 1/2 regardless of the values
of x¢ and x.

+ 1) ®

Problem 4

Recall the classical Toffoli gate Tof : {0,1}* — {0, 1} acting as
TOf(bl, bg, b3) = (bl, bg, b3 ) AND(bl, bg))

(Continued on page 5.)
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4a

(10 pts.) Write down or draw a classical circuit involving two Toffoli gates,
a NOT gate and an ancilla bit to compute the Boolean function

f:4{0,1}3 — {0,1} given by

f(bl, bg, bg) - AND(NOT(Z)Q), b3 @ AND(bl, bg))

Solution: We have the following circuit computing the desired function
using one ancilla bit:

b,
é”l
}W [ —— Not (b))
by @AND (6ab,)
To J b, ®AND(4:5)

H d’(AA,,,AZ'b})

O L

4b

(10 pts.) Let f denote the Boolean function introduced in the previous
subexercise. Write down or draw a quantum circuit to implement the
unitary operator U, : (C?)®* — (C?)®* acting as

Ur(b1) @ |ba) ® |bs) @ |a)) = [b1) @ |ba) @ |bs) @ |a @ f(by, b, bs)),

for a, by, by, b3 € {0,1}. You are not allowed to use measurements. You may
assume the quantum version of the Toffoli gate as a black box, and you are
allowed to use ancillas initialized in |0). All ancillas have to be returned to
their initial state after the execution of the circuit.

Solution: To find the quantum circuit we use the uncomputation trick
from the lecture. For this particular circuit we have the quantum circuit:

(Continued on page 6.)
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Problem 5

Let s € {0,1}" denote some unknown bit-string and consider the function
f:{0,1}* — {0,1} given by

flx) =x-s=ux151 + T3S0+ -+ + TS, mod 2,

for any z € {0,1}". Our goal is to find s using a quantum algorithm. Let
Uy : (C2)®n+L — (C?)®"*! denote the unitary operator acting as

Us(lz) @ y) = |2) © |y & [f (),
for any x € {0,1}" and any y € {0,1}.

S5a
(10 pts.) Show that Us(|z) ® |-)) = (—=1)7@|2) @ |-) for any x € {0,1}",
where |-) = (10} — [1))/v2

Solution: We compute

Uyl < 0z @10) = Ur(n) 911) _ )@ 0@ f() - In) @ 18 f(x))

V2 V2

Considering the two cases we find

0) @ |=) if f(z) =0
—|0) @ [=) if f(x)

This shows that Us(|z) ® |-)) = (—=1)/@|z) @ |-).

Up(lz) @ =) = {

5b

(10 pts.) Show that the following quantum circuit computes the bit-string s
with probability 1.

Solution: The first line of Hadamards gives

n n 1
Y1) = HO"|0)*" @ H[1) = on/3 Y lm)®|-).
ze{0,1}"
Applying Uy gives the state

W) = Ul = o 3 U@ ) = o 30 (D™l @ ),

ze{0,1}" ze{0,1}m

where we used the first exercise and that f(x) = x - s for the unknown
string s. Now, either remember from the lecture or compute that

Hls) = o 3 (1)),

z€{0,1}"

(Continued on page 7.)
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lo> ——@——ﬁ H

|o> W H

—_— Ll

|

(B[R

o>

Kl =
H

With this we find

[¢5) = (H®" @ Ly)|th2) = |s) @ |—).

Measuring the first n qubits in the computational basis gives the outcome s
with certainty. (This quantum circuit is identical to the Deutsch-Josza
algorithm. In this particular context it is called the Bernstein-Vazirani
algorithm.)



