EXERCISES 2

Here are a couple of exercises from the chapter on linear algebra in Nielsen and
Chuang that are of particular importance.

Excercise 1. Consider the vector |[+) = (|0) +[1))/v/2 € C2. Compute |+)®? and
|4+)®3. Write them first in vector form and then expanded in an orthonormal basis
of C?> ® €? and C? ® €% ® C?, respectively.

Excercise 2.

(1) Show that the tensor product of two Hermitian operators is Hermitian.
(2) Show that the tensor product of two unitary operators is unitary.
(3) Show that the tensor product of two projections is a projection.

Excercise 3. Let # € R? be a real vector with norm ||7]| = 1 and consider the
operator
V-8 = 0101 + V202 + U303,
where 01,09 and o3 are the three Pauli matrices from the lecture. Show that
exp (100 - &) = cos(0)1y + isin(0)7 - 7.
You may use the following steps.

(1) Show that ¥'- ¢ is a Hermitian and unitary. Find the eigenvalues of 7 - .

(2) Let |ug) and |v1) denote an orthonormal pair of eigenvectors for ¥- &. How
does the spectral decomposition of ¥ - & look like.

(3) Use the trick from the lecture to compute exp (i67 - 7).

Excercise 4. Recall the Hadamard operator
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The next exercise is to practice tensor products and diagonalization.
Excercise 5. Consider the following tensor products of Pauli operators
Opz = 0z ® 0y
Oyy = 0y 0y
Oz =0, Q0.

(1) Write down the matrix representations of o, oyy and o, in the compu-
tational basis.

(2) Show that [0y;,0;;] = 0 for all 4, j.

(3) Find a simultaneous diagonalization of the operators o;; for i € {1,2,3} .



