
EXERCISES 3

Excercise 1. For θ ∈ [0, 2π) define the unitary operator

Uθ =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
.

Define the states |ϕ0⟩ = Uθ|0⟩ and |ϕ1⟩ = Uθ|1⟩. Show that σzσx|ϕ1⟩ = |ϕ0⟩ for the
Pauli operators

σx =

(
0 1
1 0

)
, and σz =

(
1 0
0 −1

)
.

Excercise 2. A quantum system evolves according to the Hamiltonian H = ωσx,
where ω ∈ R is an unknown parameter. Initially, the quantum system is in the
computational basis state |0⟩ ∈ C2.

(1) Find the quantum state |ψt⟩ after time t ∈ R.
(2) After time t, we perform a measurement in the computational basis. What

are the probabilities of observing the two outcomes depending on t.
(3) How could an experimental physicist figure out the value of ω?

Excercise 3. Let v⃗ ∈ R3 denote a unit vector and recall (or prove) that the
operator

v⃗ · σ⃗ = v1σ1 + v2σ2 + v3σ3,

has eigenvalues ±1. Here, we use the three Pauli operators σ1 = σx, σ2 = σy, and
σ3 = σz.

(1) Show that the operators P+ = (12 + v⃗ · σ⃗)/2 and P− = (12 − v⃗ · σ⃗)/2 are
projections onto the subspaces spanned by eigenvectors of v⃗ · σ⃗.

(2) Compute the probabilities of obtaining outcomes +1 and −1, when mea-
suring the computational basis state |0⟩ using the projective measurement
{P+, P−}.

Excercise 4 (The qubit). Consider the state space C2 of a qubit quantum system.

(1) Show that every unit vector |ψ⟩ ∈ C2 can be written as

|ψ⟩ = eiγ
(
cos

(
θ

2

)
|0⟩+ eiϕ sin

(
θ

2

)
|1⟩

)
,

for angles γ, θ, ϕ ∈ [0, 2π). Conclude that every quantum state of the qubit
quantum system can be represented by a real vector

v⃗ψ =

 cos (θ)
sin (θ) cos(ϕ)
sin (θ) sin(ϕ)

 ,

on the unit sphere in R3. This representation of qubit states is called the
Bloch sphere representation.

(2) Visualize the eigenstates of the Pauli operators σx, σy and σz on the Bloch
sphere. How is orthogonality of states represented on the Bloch sphere?

(3) Visualize the action of the unitaries σx, σy and σz on quantum states using
the Bloch sphere? Do the same for the Hadamard gate

H =
1√
2

(
1 1
1 −1

)
.
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