
QUANTUM COMPUTATION: EXERCISES

MAKOTO YAMASHITA

1. February 5

Suppose we have two matrices A = [Aij ]i,j and B = [Bkl]k,l with i = 1, . . . ,m, j = 1, . . . , n, k =
1, . . . , p, and l = 1, . . . , q. Their Kronecker product isA11B A12B . . . A1nB

...
... . . .

...
Am1B Am2B . . . AmnB

 .

(This is a block matrix notation, so A11B represents a block of p rows and q columns with components
A11Bkl, and so on, and overall there are mp rows and nq columns.) We can think of this as a concrete
matrix representation of the tensor product A ⊗ B. For vectors v ∈ Cn and w ∈ Cq, we think of them
as n× 1-matrix and q × 1-matrix, and use the Kronecker product to represent v ⊗ w.

Exercise 1.1. In the above setting, check (A⊗B)(v ⊗ w) = Av ⊗Bw. You can start with m = n = p =
q = 2 to get the feeling.

Exercise 1.2 (NC, Exercise 2.26). Consider |+⟩ = 1√
2
(|0⟩ + |1⟩). Write |++⟩ = |+⟩ ⊗ |+⟩ as a linear

combination of vectors |ij⟩ = |i⟩ ⊗ |j⟩ with i, j = 0, 1. Next, represent |++⟩ by the Kronecker product
of column vectors.

Consider the Hadamard gate operator on C2, given as

H =
1√
2

[
1 1
1 −1

]
.

Exercise 1.3 (NC, Exercise 2.51). Check that H is a unitary matrix. Figure out how H transforms the
vectors |0⟩, |1⟩, |+⟩, |−⟩, |i⟩ = 1√

2
(|0⟩ + i |1⟩), and |−i⟩ = 1√

2
(|0⟩ − i |1⟩) (i.e., the last vector is the

eigenvector of the Pauli Y matrix for eigenvalue −i, and not the tensor product vector |−⟩ ⊗ |i⟩).

Exercise 1.4. What kind of rotation does H define on the Bloch sphere?

Exercise 1.5. Relate the axis of rotation in the previous exercise to the eigenvectors of H.

2. February 26

Exercise 2.1. What does this two-qubit quantum circut do to separable states?

Exercise 2.2. Conisder the following quantum circuit, with top two input qubits |i⟩ , |j⟩ in computational
basis. A certain measurement scheme of the bottom two qubits lets us decide i = j or not. What is such
a scheme?

|i⟩
|j⟩

|0⟩ H

|0⟩

(Hint: the Hadamard gate and the first CNOT will create the EPR pair state.)
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Exercise 2.3. Consider the following states we had in the superdense coding protocol:

w00 =
1√
2
(|00⟩+ |11⟩), w10 = (X ⊗ I2)(w00), w01 = (Z ⊗ I2)(w00), w11 = (ZX ⊗ I2)(w00).

How do they look like in the Kronecker product presentation?

Exercise 2.4. Suppose we have a vector w ∈ C2 ⊗ C2. We can consider the transform

Tw : C2 → C2, v 7→ (v† ⊗ I2)(w).

(This is not a linear map for the complex coefficient, but instead a conjugate linear map.) Check the
following:

(1) when w = w1 ⊗w2, the image of Tw, i.e., {Tw(v) | v ∈ C2} is a one-dimensional subspace of C2.

(2) when w = |00⟩+ |11⟩, the image of Tw is all of C2.

3. March 24

Exercise 3.1. Consider the Boolean function f : {0, 1}2 → {0, 1} defined by f(x1x2) = x1 + x2 mod 2.
We then have the XOR query gate Uf on the 3-qubit system defined by

Uf |x1x2y⟩ = |x1x2z⟩ , z = XOR(f(x1x2), y)

on the computational basis. Why is this a unitary transform? How about the same construction for
f(x1x2) = x1 · x2?

Hint: Compute U2
f to find the inverse of Uf . Can you check that Uf = U†

f? You can either use an
abstract reasoning, or work out the 8× 8-matrix representation of Uf .

Exercise 3.2. Given a Boolean function f : {0, 1}k → {0, 1}k, recall the XOR query gate from Simon’s
algorithm:

Uf |xy⟩ = |xz⟩ z = f(x)⊕ y

with the bit-wise XOR of f(x) and y. Why is this a unitary transform?

In the CHSH game (Lecture 12), Alice and Bob used different measurement schemes depending on the
question bits x, y. (For example, if x = 0, Alice would measure her part of the state in the computational
basis, while if x = 1 she would measure it in the (|+⟩ , |−⟩)-basis.)

Suppose they might choose a different set of basis for these questions, and we want to estimate their
winning probability. Let’s say Alice would use a basis (v, v′) of C2 for the case x = 0, and she would use
a basis (w,w′) for the case x = 1. Set

A0 = vv† − v′v′†, A1 = ww† − w′w′†.

For example, in the original CHSH strategy we would have

A0 = |0⟩ ⟨0| − |1⟩ ⟨1| =
[
1 0
0 −1

]
, A1 = |+⟩ ⟨+| − |−⟩ ⟨−| =

[
0 1
1 0

]
.

For Bob’s choice of measurement schemes, we define B0 and B1 in the same way. Finally, let’s say u is
the two-qubit state they are going to use (which was the EPR pair state for the CHSH strategy).

Exercise 3.3. When the question is x = 0 and y = 0, check that their winning probability is〈
u,

1

2
(A0 ⊗B0 + I4)u

〉
.

Hint: A0 has eigenvalues 1 and −1, corresponding to the cases a = 0 and a = 1 for Alice’s answer.
Same kind of relation holds for B0 with Bob’s answer b. Then A0 ⊗ B0 has eigenvalues 1 and −1,
corresponding to the different combinations of a and b. Taking 1

2 (A
0 ⊗B0 + I4) instead of A0 ⊗B0 has

the effect of changing the eigenvalues from ±1 to 1, 0, while keeping the same conditions about a and b.

Exercise 3.4. For other choices of questions x and y, find signs in〈
u,

1

2
(±Ax ⊗By + I4)u

〉
.

such that this would represent their winning probabilities.
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4. April 23

Our convention of the Fourier transform matrix FQ for Q = 2k is

[FQ]j,l =
1√
Q

exp

(
2πi

Q
jl̃

)
,

where we modify the input index 0 ≤ l < Q to another integer 0 ≤ l̃ < Q by the rule l = 2k−1x0+· · ·+xk−1

if and only if l̃ = x0 + 2x1 + · · ·+ 2k−1xk−1. (This means that the input binary sequence x0 · · ·xk−1 in

the quantum gate FQ should be interpreted as the integer l̃.)

Exercise 4.1. Recall that FQ can be represented by the quantum circuit

k−1

H

FQ/2 BQ/2

with BQ/2 given by

BQ/2 =


1 0 · · ·
0 exp

(
2πi
Q

)
0 · · ·

...
. . .

0 · · · 0 exp
(
(2k−1 − 1) 2πiQ

)

 .

Check this for k = 2, i.e., check the effect of this circuit on the computational basis vectors |x0x1⟩, and
compare with the effect of F4.

Hint: We had F2 = H for k = 1, the Hadamard gate. As for BQ/2, you can use the following
(k − 1)-qubit quantum circuit representation:

D(1, exp(πi2 ))

D(1, exp(πi4 ))

D(1, exp( πi

2
k−1 ))

.

(We didn’t have time for this part during the lecture, but see the lecture 13 in the lecture note PDF.)

Exercise 4.2. We can find the following quantum circuit diagram for the 3-qubit Fourier transform in
the Nielsen–Chuang book, Box 5.1.

H S T

H S

H

Here, the S-gate and T -gate are given by

S =

[
1 0
0 i

]
, T =

[
1 0

0 eiπ/4

]
.

Can you relate this with the presentation from the previous exercise?

Hint: there are different conventions for the Fourier transform, like how bit-strings correspond to
integers. First ignore the bit swap at the end of the above circuit.
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Exercise 4.3. We saw that 2-bit control gates can be implemented as

W

=

V V † V

for a unitary matrix V satisfying V 2 = W . How about 3-bit control gates?

Hint: for the above formula it’s not important that W is a single-qubit gate, and if we have V 2 = W ,
then we also have

W

=

V V

.
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