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Adaptive timestepping based on local errors

For an IVP X' = F(X, t) given Xy and solved numerically over [0, T], we
have that

N-1

|X(T) - X(T)| < Cstability Z ’X(tn+1; X(tn) = Xn)) - )_<n+1 |
n=0

:T()_(,,,tn)

The local error can also be represented

(Ko ta) = /tt"“ F(X(5: X(tn) = X) — F(X,)ds

= Question: If we know the size of |7(X,, t,)|, can we adjust
hn, = h(X,, t,) adaptively to produce a more accurate/efficient
numerical method?

m Important real-life problem: Normally do not have access to neither
the exact solution nor 7 itself, so we would have to estimate 7.
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Numerical estimation of the local error

Suppose we have two numerical ® and ®*, which respectively produce the
solutions

X1 = Xn 4+ hn®(Xa, t, hy), and X}, 1 =X} + hy®* (X}, tn, hn),

where h, is an adaptive time step, t,+1 = t, + h, and ®* is more accurate
— a higher order method — than .

Let us “view" ®* as the exact solver, and let
X* (tns1; X*(tn) = Xn) := Xo + hn®*(Xp, tn, hp)
Approximate the local error by
F(Xn, tny Bn) = X (tar1; X*(tn) = Xp) — Xnt1
By the formulas of the schemes,
‘%()_(m tn, hn)| = ]CD*()_(,,, tn, hn) — q)()_(n, tn, hn)|hn
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[ Approximation of error (up to a constant):

N—-1 N—-1
IX(T)=X(T) & > |0 (Xn tn, bn) = D(Xn, ta, ho)lhn = > [F(Xn, ta, hn)|
n=0 n=0

Adaptivity strategy: Given input tolerance ¢ > 0, then
For n=0,...,N—1:

if  |[F(Xn, tn, hy)| > €/N
then halve timestep h, = h,/2.

@ Recompute numerical solution and local errors and iterate step 5
again until max, |T(Xp, tn, hn)| < €/N .

Output: the fine solution {X;}N_, (this not consistent with method,
which adapts the mesh for the coarse solution, but it is reasonable to
assume the fine solution is even more accurate).
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ODE23 — embedded RK methods

Matlab’s ODE23 is an adaptive-timestepping explicit Runge-Kutta 2(3)

method given by

0] 0
111 0
1/21/4 1/4 0
1/2 1/2 0
1/6 1/6 2/3
where
0] 0 0] o0
11 o0 ., 1] 1 o0
®= 12lys 140 ™ Y= 1nl1s s o
11/2 1/2 0 11/6 1/6 2/3

Here ® has order 2 (here k3 is not needed/used) and ®* has order 3.

Efficiency benefit: Both methods share the same stages k; and k».
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ODE45 — Dormand—Prince

Popular adaptive-timesteping explicit Runge-Kutta 4(5) method. The
order 5 method ®* with b* uses 6 stages and ¢ with b uses 7 stages.

0
1 1
5 5
3 3 9
10 20 0
4 44 __ 56 32
5 %5 15 9
8 10372 25360 64448 212
9 6561 2187 6561 729
1 9017 355 46732 49 _ 5103
3168 3 5247 176 18656
1 35 0 500 125 2187 1
384 1113 102 6784 84
N 35 500 125 2187 1
b" (5th order) | 35 O i3 12 e w0
5179 7571 303 02007 187 1
b (4th order) | 7 0 16695 640 330200 2100 40
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Adaptive timestepping

For ill-behaved nonlinear problems, adaptive timestepping can improve
efficiency.

Consider the Van der Pol oscillator

X1 = x2 _
;L ) t € [0,100] with  x(0) = (2,0)
X = (1 —xi)x2 — x1

for > 0. This is an oscillator with nonlinear damping/amplification (a
limit-cycle thermostat):

" 2y, /
xx= pl-xi)xq — x
e ——
nonlinear "damping”  oscillation

m ode45 works well for 1 close to 1 (stable problem)
m ode23 works well for p around 10

m for ;1 > 10, use an implicit solver, like odelbs
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Using ode23 or ode45

mu =1

options = odeset('RelTol’', 1e—10, 'AbsTol’', le—11, 'Stats’,
F=0(t,x) [x(2); mux(1—x(1)"2)*x(2)—x(1)];

X0 = [2;0];

t0 = 0, T = 100 % time interval [t0,T]
[t,X] = ode23(F,[t0 T],x0,options); %numerical integrator

%output: [t,X] adaptive mesh t and solution X(t-n) for n =0,...

%Alternative call [t,X] = ode45(F,[t0 T],x0,options);

% Then plot results

"on');

N
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Numerical tests Van der Pol 1 = 0.01

Matlab's variable-stepsize integrators ode23 and ode45. Note that
“options” in code above aims to achieve

| Xi(t,) — Xi(ta)| < RelTol|Xi(t,)| + AbsTol.

2 Van der Pol ode23 mu=0.01 comp. time=0.69574 N=111680

2 Van der Pol ode45 mu=0.01 comp. time=0.32376 N=9477
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Numerical tests Van der Pol =1

Van der Pol ode45 mu=1 comp. time=0.52109 N=15373

Van der Pol ode23 mu=1 comp. time=1.0321 N=171078 2

h(t)
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Numerical tests Van der Pol © = 20

Van der Pol ode45 mu=20 comp. time=1.0384 N=27557

Van der Pol ode23 mu=20 comp. time=0.53644 N=89066
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Numerical tests Van der Pol 1 = 500

For mu = 500 ode23 and ode4b are inefficient:

Van der Pol ode23 mu=500 comp. time=4.3916 N=737333

Van der Pol ode45 mu=500 comp. time=86.6555 N=2197817
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Numerical tests Van der Pol ;1 = 500

A better alternative is odelbs (called the same way):

2 Van der Pol ode1l5s mu=500 comp. time=0.83385 N=3937
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List of workhorse adaptive ODE solvers in MATLAB

Solver  Type Order Best Use Case
oded5  Explicit Fixed (5th) General purpose; smooth.
ode23  Explicit Fixed (3rd) Crude tolerances; lower regularity.

odell3 Explicit Adaptive (1-13) Expensive functions; precision.
odelbs Implicit Adaptive (1-5)  Stiff systems.

odelbs is a multistep method (not Runge-Kutta) using up to 5 steps:

)_(,,,)_(,,_1, ..y Xn—a to compute Xp41.
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