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Problem 1
la

Let (X,d) be a metric space. If A C X is a subspace and z a point in X,
the distance d(x, A) from = to A is defined by the formula

d(xz,A) = inf{d(z,a) |a € A}.
Show that d(x, A) = 0 if and only if z € A. (The closure of A in X.)

1b

Define what it means that space is regular.
Show that every metric space is regular.

1c
Prove that a topological space X is Hausdorff if and only if

N V={z}

z€V, V open

for every z € X.

Problem 2
2a

Define what is means that a space X is locally compact.

If the space X is locally compact and Hausdorff, what is the topology on
the one-point compactification X* = X U {Px}?

(Continued on page 2.)
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2b

A continuous map f : X — Y is called properif f~1(K) is compact for every
compact K CY.

Show that if X is compact and Y is Hausdorff, then every continuous map
f: X — Y is proper.

2c

Now assume that X and Y are locally compact Hausdorff, and let f*: X* —
Y* be defined by f*(z) = f(x) for x € X and f*(Px) = Py. Show that f*
is continuous if and only if f is proper.

Problem 3

In this problem p : E — B is a covering map between path connected spaces.

3a

Show that p is an open map.

3b

Assume that the fundamental group of B has exactly two elements. Show
that either E is simply connected or p is a homeomorphism, but not both.

END



