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Problem 1

If p is a prime number, we denote by Fp := Z/(p) the finite field with p
elements.

1a

Show that the ring F2[X]/(X3+X+1) is a field, but that F3[X]/(X3+X+1)
is not.

1b

Consider the ideal p := (X3+X+1) ⊂ F2[X]. Explain why the localized ring
F2[X]p is a discrete valuation ring. Find an element in the field of rational
functions F2(X) that has valuation equal to −1.

1c

Write F3[X]/(X3+X+1) as a product of local Artinian rings. (Hint: Factor
X3 + X + 1 in F3[X].)

Problem 2

Consider the graded polynomial ring A := k[x0, x1, x2, x3] where k is a field.
Recall that the Hilbert polynomial of A is equal to hA(n) =

(
n+3
3

)
.

2a

Set M := A/(x1x3 − x22). Then M is a graded A-module. Explain why its
Hilbert polynomial is equal to hM (n) =

(
n+3
3

)
−

(
n+1
3

)
. For which n does

dimk Mn = hM (n) hold?

(Continued on page 2.)
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2b

Set N := A/(x1x3 − x22, x0x2 − x21). Find the Hilbert polynomial of this
graded A-module.

Problem 3

Let k be a field and set A := k[x, y, z]. Consider the ideals a :=
(xz, yz, z2, x3) and b := (x3, z).

3a

Show that b is a primary ideal, and find its radical.

3b

Show that (x, y, z2) ∩ b is a minimal primary decomposition of a. Find the
prime ideals belonging to a. Which is minimal and which is embedded? Can
you find a different minimal primary decomposition of a?

Problem 4

Let A be a ring, B an A-algebra, and M a B-module. The A-derivations
from B to M is the set

DerA(B,M) := {D ∈ HomA(B,M)|D(bb′) = bD(b′) + b′D(b),∀b, b′ ∈ B}.

4a

Let ϕ : C → B be a homomorphism of A-algebras. Recall that ϕ defines, by
restriction of scalars, a C-module structure on M ; denote this C-module by
M[ϕ]. Show that there is a natural homomorphism of A-modules

Φ : DerA(B,M)→ DerA(C,M[ϕ]).

4b

Show that Φ is injective if ϕ is surjective. Explain why DerA(B,M) is a
B-module.

4c

Assume A = k is a field and that B = M = k[x, y] is the polynomial ring in
two variables with coefficients in k. Find two elements of Derk(k[x, y], k[x, y])
that generate it as a k[x, y]-module.

THE END


