4. COPRIME IDEALS AND THE CHINESE REMAINDER THEOREM
Definition. Two ideals a,b C A are coprime if a + b = (1).

Remark. We have a+ b = (1) if and only if 1 € a+ b, so a and b are coprime if
and only if there exist a € a and b € b such that a +b = 1.
Example. In Z, we have (m) + (n) = (ged(m, n)), so (m) and (n) are coprime if
and only if ged(m,n) = 1, i.e. if m and n are coprime numbers.
Example. We have computed (z — 2,222 — 2) = (1) in Q[z], so the ideals (x — 2)
and (222 — 2) in Q[x] are coprime.
Example. The ideals (z),(y) C Q[z,y] are not coprime: If f € (z) + (y), then
= a;jz'y’ with ago = 0, and in particular f # 1
Proposition. Let a,b C A be ideals. If a and b are coprime, then ab = an b.
Proof. We always have ab C a N b, it remains to show a N b C ab.

Since a and b are coprime, we can find a € a and b € b such that a + b = 1. If

T € anb, we also have
r =1z =ax + bx.

Since x € b, we have ax € ab, and since x € a, we have bx € ab. It follows that
x € ab. O

Example. If m,n are coprime, then lem(m,n) = mn, so (m)N(n) = (lem(m,n)) =
(mn) = (m)(n).

Given rings A1, ..., A,, we have the product ring

ﬁAi:Alx---xAn,
i=1

whose elements are n-tuples (aq,...,a,), with a; € A;, and with addition and
multiplication defined componentwise.
Let A be a ring and ay,...,a, C A ideals. We have a homomorphism ¢;: A —

A/a; for each i. We can define a product homomorphism ¢: A — [}, A/a;, given
by
o(a) = (¢1(a),...,on(a) = (a+a1,a+ag,...,a+ ay).
Theorem (Generalised Chinese remainder theorem). Let ay,...,a, C A. Assume
that the a; are pairwise coprime. Then the homomorphism ¢: A — H?:l Afa; is
surjective, and
kerog=a1N---Na, =ay---ay.

We have an isomorphism
n
A/ ﬁ?:l a; = HA/CIZ'.
i=1

Proof assuming n = 2: We first show ¢ is surjective: It’s enough to show that
(1,0),(0,1) € ¢(A), since if ¢(z1) = (1,0) and ¢(z2) = (0,1), then for an arbi-
trary element (by + a1,by + a2) € A/a; x A/as we have
P(brw1 + bawa) = ¢(b1)P(71) + ¢(b2)(22)

= (bl +ay,b; + Cl2>(170) =+ (b2 4+ ay,by + Clg)(o, 1) = (bl +ay,by + Clz).



Coprimality of a; and as means there are a; € a1, as € as such that a; +as = 1.
But now

¢(a1) = (a1 + a;,a; + 02) = (a1 + ag, (1 — G,Q) + 02) = (0, 1)

Similarly we get ¢(az2) = (1,0).

It is clear that ¢(x) = 0 is equivalent to © € a3 Nag, so ker¢ = a; Nag. As ay,ay
are coprime, we have a; Ndz = ajas.

Finally, the fundamental homomorphism theorem gives

A/ My ai = Afker ¢ = ¢(A) = [[ A/as.
i=1
O

Example (Chinese remainder theorem). If k1, ..., k, are pairwise coprime integers,
thenZ/[[ ki = [[Z/(k;). In particular if n = [ p{* ... pe* is the prime factorisation
of an integer n, we have

z/(n) =[] 2/wf)

Example. Since (z — 2), (22% — 2) C Q[z] are coprime, we have

Qlz]/(2~2)(22°~2) = Qlz]/((z~2)(22~2)) = Qlz]/(z~2) xQlz]/(22°~2) = QxQ(V2).

FURTHER OPERATIONS ON IDEALS

4.1. Ideal quotient.

Definition. Let a,b C A be ideals. The ideal quotient (a : b) C A is the set of
x € A such that b C q, i.e. the set of x such that for every b € b, we have zb € a.
It is easy to check that this is an ideal.

Example. If a C A is an ideal, then (a : a) = (1), since z € (a : a) means that
xa € a for all a € a. Since a is closed under multiplication from A, this holds for
all z € A = (1).

Example. If a C A is an ideal and b € A, then z € (a: (b)) if and only if zb € a.

Proof: If x € (a: (b)), then since b € (b), we have b € a. Conversely, suppose
xb € a. The elements of (b) are all of the form yb with y € A, and we then have
x(yb) = y(zb) € a, so x € (a: (b)).

Definition. The annihilator of an ideal a C A is defined as
Am(a)=0:a)={x € A|za=0 Vae€a}
The annihilator of an element a € A is
Ann(a) = Ann((a)) = (0: (a)) = {z € A | za = 0}.

Example. An element a € A is a zero-divisor if and only if Ann(a) # (0).



4.2. Nilpotents and radicals.

Definition. An element a of a ring A is nilpotent if there exists an n > 1 such
that 2™ = 0. The set of nilpotent elements of A is called the nilradical of A,
denoted 1.

Proposition. The nilradical of A is an ideal.

Proof. If a € M, and x € A, then it is easy to see that —a € 9N and za € N. To see
that 91 is closed under addition, observe that if a,b € 91, we have m,n > 0 such
that a™ = b™ = 0. Now compute
m+n
man m+n
(a+0)"*" =3 ( '

=0

> aibm+n—i.
2

If i > m, then a’ = 0, while if ¢ < m, then m 4+n —i > n so b™+"~% = 0. Hence all
terms vanish, so (a + )™ =0 and a + b € N. O

Theorem. The nilradical N of A is the intersection of all prime ideals of A.

Half of the proof. Easy half: If f € A is nilpotent and p is prime ideal, then f™ =
0= f" ep& feyp. This gives us M C Ny primeh-
Hard half: If f € A is contained in all prime ideals of A, then f is nilpotent. [

Example. Let A be an integral domain. Then f nilpotent = f a zero-divisor =
f=0,s09=(0).

Example. In Z/(p*), we have just one prime ideal (p)/(p*), so N = (p)/(p*).

Definition. Let A be a ring, a C A an ideal. The radical of a, denoted y/a (note
[AM] uses t(a)), is the set of z € A such that there is an n > 1 such that z™ € a.

Example. The nilradical 91 = 4/(0).

Proposition. The set t(a) is an ideal, and equals the intersection of the prime
ideals containing a.

The proofs are generalisations of the corresponding statements for the nilradical.
Alternatively one can use the following:

Proposition. Let M be the nilradical of A/a, and let ¢p: A — A/a be the quotient
homomorphism. Then /a = ¢~ 1(N).

Proof. Let x € A. Then z € y/a is equivalent to 2™ € a for some n > 1, which is
equivalent to ¢(x)™ = ¢(z™) = 0 for some n > 1. O

Example. Let n > 1 have prime factorisation n = p{* ---pf*. Then m € Z lies in
(n) if and only if there is an & > 1 such that m* € (n), which is if and only if
mP is divisible by n. If every p; divides m, then m™#*¢ is divisible by n. If some
p; does not divide m, then mF is never divisible by n.
This means m lies in v((n)) if and only if m is divisible by each p;, which is the
same as saying m is divisible by p1 ...pr. We get

(n) = (p1--pr)-



Example. Consider Q[z] and the ideal (™). Then f € /(z™) is equivalent to
f™ is divisible by x™ for some n > 1. Let

f=ao+ax+--+ agz’.

Then if ag # 0, we have f* = afy + z(...), so f* & («™) for all n > 1. If ag = 0,
then f™ = aP'a™ + 2™*1(...), so f™ € (z™). Thus f € +/(z™) if and only if
ap = 0, which is if and only if f € (x). We’ve shown

@) = (a),
4.3. Extension and contraction of ideals.
Definition. Let ¢: A — B be a homomorphism, let a C A and b C B be ideals.

The extension of a is the smallest ideal in B containing ¢(a), denoted ¢(a)B or
a®. The contraction of b is ¢~1(b) C A, also denoted b°.

Both of these are ideals.

Remark. The image ¢(a) C B is not itself an ideal, take e.g. the homomorphism
¢: Q = R, where ¢(Q) is not an ideal in R.

Concretely, the elements of a® are all finite sums byp(aq) + - - + bpé(a,) with
a; € a, b; € B.

Proposition. Let ¢: A — B be a ring homomorphism, and let p C B be a prime
ideal. Then ¢~1(p) is a prime ideal of A.

Proof. Tf a,a’ € A\ 6=1(p), then ¢(a), 6(a') & b, s0 d(ad’) = H(a)é(@’) & p. This
means aa’ & ¢~ 1(p), so ¢~ 1(p) is prime. O
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