4.4. Modules. Informally, a module is a structure where you can add elements in
the module, and multiply module elements by the ring elements.

Definition. Let A be a ring. A module over A (or “A-module”) is an abelian
group (M, +) equipped with an operation A x M — M, denoted

(a,m) — am,

satisfying

(1) Im=m Vme M.

(2) a(bm) = (ab)m  Va,be Ame M
3) (a+bym=am+bm VYa,be A,m e M
(4) alm+n) =am+bn YVae Am+neM.

Example. For any ring A, the 0-module has one element 0, and addition and
multiplication are trivially defined.

Example. Let k£ be a field. Then a k-module is quite literally the same thing as a
k-vector space.

Example. A Z-module is the “same thing” as an abelian group, meaning any
abelian group admits a unique structure as a Z-module. To see this, let G be an
abelian group. We define a Z-module structure on G by, forn € Z,g € G
n
/_H .
g+--+gifn>0

—n

ng=(—g)+---+(—g) if n <O0.

One can check that this is a well-defined Z-module structure. Moreover, this Z-
module structure is forced on us by the axioms: If n > 0 we must have

n
—_——
ng=01+---+1)g=1g+1g+---+1lg=g+---+g,
and similar considerations tell us what ng has to be for n < 0.
Example. Let a C A be an ideal. Then a is an A-module in a natural way, since

given x € A and a € a, we have xa € a, and the operation (z,a) — xa satisfies the
axioms of the definition.

Example. Let ¢: A — B be a homomorphism. Then B has a natural structure of
A-module, defined by

ab = ¢(a)b VYa € A,b € B.

This generalises the useful fact from field theory that if ¢: k — k' is a homo-
morphism of fields, then &’ is a k-vector space.

Definition. Let M and N be A-modules. A homomorphism of A-modules from
M to N is a map ¢: M — N such that

d(m+m')=¢(m)+o(m') VYm,m' e M
d(am) = agp(m) Vaoe AmeM

If ¢ is a bijection, we say it is an isomorphism of A-modules.



Example. For A-modules M and N, we always have a homomorphism 0: M — N
given by

O(m)=0 VYme M.
Example. Let k be a field, and let M and N be k-modules. Then a homomorphism
M — N is the same thing as a linear map of vector spaces. So if M and N

are finite-dimensional as vector spaces, we can choose bases and represent ¢ by a
(dim N) x (dim M )-matrix.

Example. A homomorphism of Z-modules is the same thing as a homomorphism of
(abelian) groups. This boils down to the fact that given a homomorphism ¢: M —
N of abelian groups, the condition

¢(nx) = no(x)
is automatically satisfied.
Example. Let a € A, and consider (a) C A as an A-module. There is a homomor-
phism of A-modules
¢: A— (a)
given by
o(x) = za.

This is surjective, with kernel equal to Ann(a).

Definition. Let M and N be A-modules, and let Hom (M, N) be the set of
homomorphisms. This set has a structure of an A-module, where for ¢,v €
Homy (M, N),a € A and m € M, we have

(@ +¢)(m) = ¢(m) +¢(m)
(ag)(m) = agp(m)

Example. Let k be a field, and consider the modules k™, k™. Then Homy (K™, k™)
is naturally identified with the set of (n X m)-matrices with entries in k, and the
above states that this set has a natural structure of k-module (or k-vector space).

Direct sums, submodules and quotient modules.

4.5. Direct sums. Given a sequence of abelian groups G, ..., G, the product set
G1 X -+ x G, is naturally an abelian group. This generalises directly to modules:

Definition. Let M7, My be A-modules. The direct sum of the M; and M is the
module
M1 D MQ = {(ml,mz) | miq € Ml,mg S Mg},
with
(m1,m2) + (my,my) = (m1 +my,me +mj), a(mi,ma) = (amq,ams).

Definition. Given A-modules My, ..., M,,, we have the direct sum
@Mz :Ml@@Mn = {(mh...,mn) | m; EMZ'},
i=1

with addition and A-multiplication similar. If My = --- = M, = M, we may write
MO instead.
Given a set of A-modules {M;};cs, their direct sum is

BiesM; = {(mi)ies | m; € M;, only finitely many m; # 0},



while their direct product is

1M = {(mi)ics | mi € My},
€S
If S is finite, then the direct sum and direct product are the same, but in general
they differ.

Example. Let k be a field. Every vector space V over k has a basis, meaning there
is a set {v;};es such that every v € V' can be expressed uniquely as a sum

Z a;V; a; € k,
i€S
with only finitely many a; # 0.
Define a homomorphism
¢: Prk-V
i€S
by
P((ai)) = Z%‘%v
i€S
Since {v;}ies is a basis for V, every v equals ¢((a;)) for a unique (a;) € @, k,
meaning ¢ is an isomorphism, and G;csk = V.

Example. Consider R[z,y], and define T' = R[z, y] ® R[x,y]. Thus elements of T'
are pairs (f1, f2) with f1, fo € Rlz,y]. We may think of elements of T as vector
fields on R? with components given by polynomials.

Example. Let A be a ring, and consider A[z] as an A-module, i.e. if f = a,z™ +
~+-+ap € Alz] and a € A, we have

af = aapx™ + -+ - aa1x + aag.

We have a homomorphism of A-modules

¢: P A— Al
i€N
Note that this is just a module isomorphism; in fact the left hand side does not
have a natural ring structure.

4.6. Submodules. If G is an abelian group, a subset G’ C G which is closed
under addition and inverses is a subgroup. We can then form the quotient group
G" = G/G’, whose elements are the cosets of G’ in G. This concept and most
of the theory generalises neatly from abelian groups to modules, where we defined
submodules as follows.

Definition. Let M be an A-module. A subset M’ C M is a submodule if it is a
subgroup and for all a € A,m € M’, we have am € M’.

Example. e A submodule of A is the same thing as an ideal in A.

e A submodule of a Z-module M is the same thing as a subgroup of M, since
if M' € M is a subgroup, n € Z and m’ € M’, we automatically have
nm' =m' +---+m' € M’ (when n is positive, similar arguments work
when n is negative).



Given M, M’ C N, we have their sum defined as M + M’ C N, given by
M+M={m+m'|meMm' eM}
This generalises the notion of sum of ideals.
Example. With ring Rlz,y] and T = R[z, y]®?, we have the submodule 7 C T
given by
T ={(fz,fy) | f € Rlz,y]}

Informally, this is the submodule of vector fields which point outwards from the
origin at all points. We have ¢: R[x,y] — T given by ¢(f) = (fx, fy), and this is
an isomorphism.

Let’s take T = {(9,0) | g € R[z,y]} C T, this is again a submodule, the
horizontal vector fields.

We have

T'+T" ={(fz+9.fy) | f.9 € Rlz,yl} = {(h, fy) | h, f € Rlz,y]},
vector fields which are horizontal along the z-axis.
4.7. Quotients. If M’ is a submodule of M, then the group M /M’ has a natural

structure of A-module such that M — M /M’ is a homomorphism of A-modules.
Concretely, we define the A-multiplication on M’ by

a(m+ M) =am+ M’
In particular, for any ideal a, the quotient ring A/a is an A-module.
4.8. Kernels, images and cokernels.

Definition. Let ¢: M — N be a homomorphism of A-modules. We have
e The kernel of ¢,
ker¢p C M,
a submodule of M.
e The image of ¢,
im¢ ={p(m)|me M} CN,

a submodule of N.
e The cokernel of ¢,
cok ¢ = N/im M.

Example. Let aq,...,a, € A, and define

o: éA — A
by - .
o(x1,. .., xn) = Zmiai.
Then -

im(¢) = {x1a1 + 2202 + -+ - + Tpay | x; € A} = (a1, ...,a,) C A

The following statements are “well known” for abelian groups, and the content
of this proposition is that the natural isomorphisms respect the module structures
as well.



Proposition (“Module isomorphism theorems”). e Let ¢p: M — N be a ho-
momorphism of modules. We have

im M = M/ ker ¢.

o Let M" C M' C M be A-modules and submodules. There is an isomor-
phism
M/M" = (M/M")/(M'/M")
e Let M, N C P be submodules, so that we have submodules M + N C P and
MNONCP. Then

(M + N)/N=M/(MNN)

Definition. A module M is finitely generated if either of the following two
equivalent conditions hold:
e There exists mq, ..., m, € M such that every m € M is of the form x1m;+
<o 4 xpymy,, with z; € A.
e There exists a surjective homomorphism ¢: @) ;| A — M.

Example. e An abelian group is finitely generated as a group if and only if
it is finitely generated as a Z-module.
So every finitely generated Z-module is isomorphic to one of the form

ZOL®---LZOL/(p7) ® - DL/ (pSr),

while @Q is not a finitely generated Z-module.

o If k is a field, then a finitely generated k-module is the same thing as a
finite-dimensional k-vector space.

e An ideal a C A is finitely generated as an A-module if and only if it is
finitely generated as an ideal, i.e. it is of the form (a1, ..., a,).



Recall the definitions of local ring and finitely generated module.
Let’s now recall that given an ideal a and an A-module M, the submodule
aM C M is the module containing all sums

aimi + -+ apMy, aiea,mieM.
Lemma (Nakayama’s lemma, local version). E|Let A be a local ring with mazimal

ideal m, and let M be a finitely generated module. If mM = M, then M = 0.

Definition. Let T = (b;j)1<i,j<n be an (n x n)-matrix with entries in A, and let
T;; be the (n x n)-matrix obtained by deleting row ¢ and column j. The adjugate
of T is the matrix adj(T") = (¢;5)1<i,j<n, Where

Cij = (71)i+j det(Tﬂ)

. a b\ . d —c
Example. The adjugate of (c d) 18 (b a )

Theorem. We have T adj(T) = adj(T)T = det(T)I,, where I, is the (n X n)
identity matriz.

Proof of Nakayama’s lemma. Let M be a module, generated by mq,...,m, € M,
meaning M = {aym; + -+ + apym, | a; € A}. We know that mM = M, which
means that for every m;, we have m; € mM, which means we can write

n
m; = E bijmj,
j=1

with b;; € m. Letting T' = I,, — (b;;), we then get that
my
T| | =0,

Mnp

adj(T )
(T)m

which since adj(T)T = det(T)I,, gives det(
cofactor expansion of det(T") shows that

det(T) =1+ X,
where all the terms of X are divisible by b;;, which implies that X € m. Hence

det(T') is a unit, and so det(T")m; = 0 implies m; = 0. Thus all the m; = 0, and so
M =0. O

and so

0 for all ¢. But looking at the

Corollary. Let A be a local ring, and let ¢: M — N be a homomorphism of
modules, such that ¢: M/mM — N/mN is surjective. Then ¢ is surjective.

Proof. The trick is to reinterpret “¢ is surjective” as cok ¢ = N/¢(M) = 0. Assume
that ¢ is surjective. That means N = ¢(M) +mN (after some thought). We get

m(N/p(M)) = (mN + ¢(M)/$(M)) = N/p(M),

5The textbook states a more general version where A is not necessarily local, where m is
replaced with the Jacobson radical of A.



Since N is finitely generated, so is N/¢(M). We can then apply Nakayama’s lemma
to N/¢(M), and get N/p(M) = 0. O

Example. Work in A C R(x) from before. Consider the matrix

1+w2 22
— | 1—22 1—23
B = zt 142
2—-5x 1z

which gives a homomorphism of A-modules ¢: A%? — A®2 by

Mﬁm=3<6~

9

The associated homomorphism of ¢: A%2/mA®2 — A®2/mA®2 can be identified
with the linear map R? — R? obtained by setting x = 0 in the above matrix. That
map is clearly surjective, hence ¢ is.

4.9. Exact sequences and additivity. Given ¢: M — N a homomorphism, we
know about ker¢ C M, im¢ C N, cok ¢ = N/im ¢.

¢

Definition. A sequence of morphisms M; ﬂ My — - = M, 5" M, is exact

at M;, 2 <i<n—1,if we have
im ¢; = ker ¢; 1.
It is exact A sequence of the form

0O-M —-M-—-M'—=0

is called short exact.

Example. If M; = 0, then we have im¢; = 0, so ker¢;;1, and exactness at
M; 1 means simply that ker¢; 11 = 0, i.e. that ¢;4; is injective. We also have
ker ¢;_1 = M;_1, so exactness at M;_; means that im ¢;_o = M;_1, i.e. that ¢;_o
is surjective.

Example. Let M’ C M be a submodule. Then the sequence
0—-M —- M- M/M -0
is exact, since (1) M’ — M is injective, (2) M — M/M’ is surjective, and (3)
ker(M — M/M') = im(M' — M).
“Up to isomorphism”, every short exact sequence is of this form, meaning if
0—-M — M — My —0

is short exact, them M; is isomorphic to some submodule M’ C M, and M, is
isomorphic to M/M’.

Example. The sequence 0 — Z NN Z/(n) — 0 is exact, where ¢(k) = nk.

Example. The sequence 0 — Z/(2) — Z/(4) — Z/(2) — 0 is exact, where Z/(2)
is the inclusion 1 +— 2.

Example. Let V be the R-vector space of all smooth vector fields on R3, and let
W be the R-vector space of all functions on R3. The sequence

0RO Sy Yy Y w o

is exact.



Example. For any modules M and N, the sequence
0O—-M-—->M®&N-—->N-—=0

is exact, where M — M @ N is the map m — (m,0) and M @ N — N is the map
(m,n) — n.

We can break up exact sequences into short ones, as follows: If M;_; — M; —
M+, is an exact sequence, we can take 0 — im(¢;—1) — M; — im(¢;) — 0 as a
short exact sequence. This motivates the following definition

Definition. A function from some set of modules to an abelian group G is called
additive if for all short exact sequences

0= M —-M-—M'"—=0
we have v(M) = v(M') +v(M").

Example. If M’ M, M" are finite-dimensional vector spaces, then dim(—) is ad-
ditive, since we can extend a basis for M’ to a basis for M, and the new elements
give a basis for M" after projection.

Example. If M’, M, M" are finite abelian groups, then v(M) = |M]|, the number
of elements of M, is an additive function to the group Q- with the operation
of multiplication, since Lagrange’s theorem says that for subgroups M’ C M we
always have

| M| = |M'[|M/M].

Theorem. Let 0 — My — My — --- — M,, — 0 be an exact sequence, and let v
be an additive function. Then

Y (~Diw(M) =0

Proof. We have v(M;) = v(im¢;) + vim(¢;_1). Inserting this in > (—1)%w(M;)
everything cancels to give 0. [

Example. In an exact sequence of vector spaces 0 = Vi — Vo — --- =V, — 0,
we have Y (—1)"dim V; = 0.

Example. Given an exact sequence
O—-M —----—M,—0

of finite Z-modules, we have

ﬁ M|V =1,
=1

Definition. A diagram of modules and homomorphisms between them is called
commutative if the composed maps between any two modules agree.

Example. The diagram

is commutative if go f = hoi.



Lemma (The snake lemma). Assume that we are given modules and homomor-
phisms that fit into the following commutative diagram

0 M’ M M 0
l‘b/ Lﬁ Lﬁ“
0 N’ N N" 0.

If both rows are exact, we get an exact sequence of modules
0 — ker ¢’ — ker ¢ — ker ¢” — cok ¢’ — cok ¢ — cok ¢’ — 0
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