
Proposition (The operation M 7→ S−1M commutes with everything). Let M be
an A-module.

• If M ′ is an A-submodule of M , then S−1M ′ is an S−1A-submodule of
S−1M , and we have S−1M/S−1M ′ ∼= S−1(M/M ′).

• If M ′,M ′′ ⊂ M , then S−1(M ′ + M ′′) = S−1M ′ + S−1M ′′, and S−1M ′ ∩
S−1M ′′ = S−1(M ′ ∩M ′′).

• If N is an A-module, then

S−1M ⊗S−1A S
−1N ∼= S−1(M ⊗A N).

Proof. Let’s only prove the last one. We use the S−1A⊗AM = S−1M to rewrite
the left hand side as

S−1M ⊗S−1A S
−1N ∼= M ⊗A S−1A⊗S−1A S

−1A⊗A N
∼= M ⊗A S−1A⊗A N ∼= S−1A⊗AM ⊗A N ∼= S−1(M ⊗A N).

�

Remark. All of the above hold more generally for the operation M 7→ M ⊗A B
whenever B is a flat A-algebra.

4.12. Local properties. Let P be a property of module. We say (somewhat
informally) that the property P is local if

P holds for M
m

P holds for all localisations Mp.

Proposition (“Being 0 is local”). Let M be an A-module. The following are
equivalent

(1) M = 0
(2) Mp = 0 for all prime ideals p
(3) Mm = 0 for all maximal ideals m.

Proof. (1)⇒ (2)⇒ (3) are obvious.
To prove (3)⇒ (1), assume M 6= 0, and for a contradiction that Mm = 0 for all

maximal ideals m. Let 0 6= m ∈M . Then

Ann(m) = {x ∈ A | xm = 0} ⊂ A

is an ideal, and Ann(m) 6= (1). Hence there is a maximal ideal m ⊇ Ann(m). Now,
since Mm = 0, we have

m

1 = 0⇔ ∃u ∈ A \m | um = 0,

but Ann(m) ⊆ m, so this is a contradiction. �

Proposition. Let φ : M → N be a homomorphism of A-modules. Then the follow-
ing are equivalent:

(1) φ is injective.
(2) For all prime ideals p, the map φp : Mp → Np is injective.
(3) For all maximal ideals m, the map φp : Mm → Nm is injective.



Proof. The sequence 0→ kerφ→M → N is exact. Since localisation is exact, we
have for every prime p that

0→ (kerφ)p →Mp
φp→ Np

is exact. But that implies (kerφ)p ∼= kerφp.
We have φ injective if and only if kerφ = 0. By the above, we have φp injective

if and only if (kerφ)p = 0. Combining with the previous proposition gives what we
want. �

Remark. The same result holds with “injective” replaced by “surjective” through-
out.

Proposition. Being flat is a local property.

Extension and contraction of ideals in the ring of fractions. Recall that
for a quotient ring A/I, we have a bijection between the set of ideals of A/I and
the set of ideals of A containing I. If φ : A→ A/I, and superscripts e and c denote
extension and contraction along φ, the correspondence is given by

a ⊆ A 7→ ae = a/I ⊆ A/I
and

a ⊆ A/I 7→ ac = φ−1(a) ⊆ A.
A similar, but more complicated story, holds for the fractions rings S−1A. Recall

that given a multiplicatively closed subset S ⊆ A, we have a homomorphism φ : A→
S−1A, and we let now let superscripts c and e denote contraction and extension
along this homomorphism. We begin by analysing concretely what these operations
do.

Lemma. Let a ⊂ A be an ideal. Then
ae = {a

s
| a ∈ a}

Proof. By definition, ae = {
∑
bi/siφ(ai) | bi ∈ A, si ∈ S, ai ∈ a}, where we look

at all finite sums. The inclusion ⊇ is then clear. Conversely, ae is generated by
elements of the form

b

s
φ(a) = ba

s
,

with a ∈ a. Then ba ∈ a, which gives the inclusion ⊆. �

Lemma. Let a ⊆ S−1A be an ideal. Then ac = {a ∈ A | a/1 ∈ a}.

Proof. a ∈ ac ⇔ φ(a) ∈ a by definition, and φ(a) = a/1. �

Proposition. For any ideal a ⊂ S−1A, we have ace = a.

Proof. Using the lemmas above, we find
a/s ∈ a⇒ (s/1)(a/s) = a/1 ∈ a⇒ a ∈ ac ⇒ a/s ∈ ace,

and
a/s ∈ ace ⇒ a/s = b/q, b ∈ ac ⇒ b/1 ∈ a→ (1/q)(b/1) = b/q = a/s ∈ a.

�

Corollary. The operation a → ac gives an inclusion of the set of ideals of S−1A
into the set of ideals of A.



Proof. If ac = bc, then a = ace = bce = b. �

Corollary. Every ideal of S−1A is of the form ae for some a ⊆ A.

Example. The ideals of Z(2) are all extensions of ideals from Z. Every ideal of Z
is of the form (n) for some n ≥ 0, and we have

(n)e = {nk
s
| k ∈ Z, s 6∈ (2)} = (n/1)

If n = 2fq with q odd, then 2f/1 = n/q ∈ (n/1), so (2f/1) ⊆ (n/1), while
n/1 = (2f/1)(q/1) ∈ (2f/1), so (n/1) ⊆ (2f/1). It follows that (n/1) = (2f/1).
Thus the complete set of ideals in Z(2) is

(1) ) (2/1) ) (22/1) ) · · ·
and (0).


	Suggested exercises week 5
	4.12. Local properties
	Extension and contraction of ideals in the ring of fractions


