Let’s focus now on the case of prime ideals.

Proposition. Let S C A be a multiplicative subset, and let ¢: A — S™1A be the
standard homomorphism. There is a bijection

{prime ideals of STt A} « {prime ideals q of A with qN S = &}

p— o '(p)
P(q)S™" A+ q

Proof. Let p C S7'A be a prime ideal. Then ¢~ !(p) C A is a prime ideal
(Contraction always preserves prime ideals). Moreover, ¢~1(p) NS = @, since
ifa € ¢ t(p)N S, then
a acs la
$la)=1ep=_——=1lep=>p=(1)
contradicting primality of p.
If g C A is a prime ideal with ¢ NS = &, then we claim (1) qS~!A is a prime
ideal, and (2) ¢=1(qS714) = q.
For (1), assume for a contradiction that qS™'A is not a prime ideal. Then we
can find a/s,b/q € S™'A such that a,b ¢ q with
ab ab ¢
sq gqs t
with ¢ € q, t € &. That implies (abt — gsc)u = 0 for some u € S, or equivalently
abtu = gscu. But a,b,t,u & q, so abtu € q. On the other hand ¢ € q implies that
gscu € q, so we have a contradiction.

For (2), we always have q C ¢~ !(qS 1A), so we only need to prove that

¢ 1(qS~tA) Cq. Ifa€ ¢ 1(qS™1A), then
¢(a) =a/l =b/s

with b € gand s € S. This implies that (as—b)u = 0 for some u € S, or equivalently
as = bu. Since b € q, we have bu € q, and since s ¢ q we must then have a € q.
Hence ¢~ 1(qS71A) C q.

We have shown the two operations in the statement of the theorem are mutually
inverse, so they give a bijection. ([

Corollary. Let p C A be a prime ideal. The prime ideals of A, are precisely the
ideals qAy, where q C p is a prime ideal.

Proof. The condition qN (S '\ p) = @ is equivalent to q C p. O

Example. The prime ideals of Z,) are exactly (2)Z2) = (2/1) and (0)Zy = (0/1).
Note that the bijection proposition above fails here for non-prime ideals, i.e.

(6) C (2) C Z, but (6)Z2) = (2)Z(2) = (2/1), and there is no ideal I C Z3) such

that ¢=1(I) = (6).

Corollary. Let f € A. The prime ideals of Ay are precisely the ideals qA¢, where

q C A is a prime ideal not containing f.

Proof. Since Ay = S71A with S = {f*}1>0, the prime ideals of Ay are gA; where
qNS =@. Now f € q & f* € q for some k > 0, since q is a prime ideal. Hence
SNng=2 < f&q. O

Example. The prime ideals of Zy are (3/1), (5/1), (7/1),(11/1),....



We can give better proofs of a few things we’ve seen before.
Corollary. The ring A, is local.

Proof. Every prime ideal of A, is of the form qA, for some q C p. Hence every
prime ideal of A, is contained in pA,, which must then be the unique maximal
ideal. |

Proposition. The nilradical of A is the intersection of all the prime ideals of A.

Proof. For f € A, we must show that the condtion “f is nilpotent” is equivalent to
“f lies in every prime ideal”.

If f is nilpotent, then we have f™ = 0 for some n > 0. For every prime ideal p,
then f* € p, and so f € p.

If f lies in every prime ideal, then the set of prime ideals p such that f & p is
empty. It follows that the ring Ay has no prime ideals, which means that it is the
0 ring. This means that in Ay we have the equality

1

1
which in turn means that there exists some n > 0 such that f™(1-0—0-0) = 0,
i.e. that f is nilpotent. U
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