SUGGESTED PROBLEMS WEEK 3

From [E]: 4.1, 4.2, 4.3, 4.4, 4.5, 4.11, 4.12, 4.17, 4.18, 4.20 (let p be a positive

odd number, not necessarily a prime), 4.21, 4.34 (an ideal a is nilpotent if a™ = 0
for some n > 0), 5.1., 5.5.

(1) Let G be an abelian group, and let ¢: G — G be a group homomorphism.
Prove that there is a unique structure of Z[z]-module on G such that zg =
@(g) for all g € G.

(2) Let G be an abelian group and n > 1. Show that G admits a structure of

n

Z/(n)-module if and only if g+ --- + g = 0 for all g € G. Show that if this
condition holds, then the structure of Z/(n)-module on G is unique.

(3) Let A be an integral domain and 0 # a € A. Show that A and the ideal
(a) are isomorphic as A-modules.

(4) Let M be an A-module. Show that the map F': Homyu(A, M) — M given
by

F(¢) = (1)

is an isomorphism of A-modules.

(5) Let A be a ring and A[[z]] be the ring of power series with coefficients in
A. Think of A[[z]] as an A-module via a(3 b;x?) = Y ab;z’. Prove that

Al[z]] = H A
ieN
as an A-module.
(6) Let My,..., M, and N be A-modules. Prove that Hom(M; & - & M,,, N)
is isomorphic as an A-module to Hom (M7, N) & - - - @ Hom(M,,, N).
(7) Let {M,};,cs and N be A-modules. Prove that

Hom(@ M;,N) = H Hom(M;, N)
icS ies
and
Hom(N, [] M;) = [ [ Hom(N, M;)
i€s i€s
as A-modules.
(8) Let A bearing,let M = A® A, and let ¢: M — M be the homomorphism
given by ¢(z,y) = (0,z). Prove that the sequence

L AMAMAE M.

is exact.
(9) Let k be a field, let n > 3, and let

O—-Vi—:- =V, =0

be an exact sequence of finite-dimensional vector spaces. Prove that the ho-
momorphism V,,_y — V,,_1 is surjective if and only if E:’:_ll(—l)i dimV; =
0.

(10) Let A C R(z) be the ring of rational functions defined at 0 as in the lecture
notes, with maximal ideal m C A. Thinking of R(z) as an A-module, prove
that R(z) = mR(z). Why does this not contradict Nakayama’s lemma?



(11) Let A be a local ring with maximal ideal m, let ¢: N — M be a homomor-
phism of A-modules with M finitely generated. Use the diagram

0 mN N N/mN —— 0
Lok ’
0 mM M M/mM —— 0,

to show that if N/mN — M/mM is an isomorphism, then mAM C ¢(mN).



