MAT4200 - 2026 EXERCISES WEEK 2

WARM UPS
(1) Let aq,...,an,b€ A, and let 1 <i,5 < n with i # j. Prove that
(@1,...,an) = (01, ,aj—1,0; + ba;, aj41,...,0n)
(2) Let ar,...,a, € A, let 1 <i<mn, and let ¢ € A be a unit. Prove that

(a1, yan) = (@1, .., Qi—1, CAG, Qi 1y - -5 Ap)-
(3) Let A be a ring, and let a € A. Prove that A[z]/(x — a) = A.

(4) Describe the quotient of ideals ((144) : (24)) in Z.
(5) Determine the nilradical of Z/(30).

SUGGESTED PROBLEMS WEEK 2

[AM]: Exercise 1.12 and 1.13 (pages 8,9)
[E]: 2.2, 2.5, 2.26, 2.28, 2.37 (“coprime” is “comaximal” here)
(1) Let A be aring, let ai,...,a, € A and by,...,b,, € A. Prove that

(al, ey an)(bl, [N ,bm) = (albl, albg, ey anbm),

where the sequence in the rightmost brackets contains every product a;b;
withl <i<nand1<j<m.

(2) Let A be a ring, let a,b € A. Prove that A[z]/(x — a,b) = A/(b).

(3) Let A be a ring and let a,b be ideals. Prove that a,b are coprime if and
only if there is no maximal ideal m with a,b C m.

(4) Let A be a ring and m a maximal ideal. When are m and a coprime for any
ideal a of A.

(5) Let k be a field, and let f,g € k[z], show that there exists a polynomial
h € k[z] such that (f,g) = (h).

(6) Let k be a field, and let f,g € k[x]. Prove that if (f) and (g) are coprime
if and only if f and g have no common irreducible factor.!

(7) Let k be a field, and 0 # f € k[z]. Prove that k[x]/(f) is isomorphic to a
direct product of rings of the form k[x]/(g™), where g is irreducible.

(8) Let (ar,b1) # (az,by) € C2. Prove that the ideals (z — a1,y — b1) and
(x — ag,y — by) in Clz, y] are coprime.

(9) Show that the ideals (z — 2) and (222 — 2) in Z[z] are not coprime.

(10) Let a,p C A be ideals with p prime such that a is not contained in p. Prove
that (p:a) =p.
(11) Let pi,...,pr be distinct prime numbers, let m = Hle pit and n =

Hle pl" with e;, f; > 0. Prove that ((m) : (n)) = () with r = []* prax(ei=fi0),

=114

1Recall that in k[z] every ideal is principal, every polynomial can be factored into irreducible
polynomials, and h € k[z] \ {0} is irreducible if and only if (h) is prime.
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MAT4200 - 2026 EXERCISES WEEK 2

EXTRA CURRICULAR

(*) Let a1,...,a, € A, and let (b;;)1<i j<n be an invertible matrix with
coefficients in A.2 Prove that

n n n
(al,...,an) = E bljaj, E bgjaj,..., E bnjaj
j=1 j=1 j=1

(*) Let A =Z[z]/(z*+ 1), and let p € Z be a prime. Let ¢: Z — A be the
natural map, and show that ¢((p))A C A is a prime ideal if and only if —1
is a quadratic residue modulo p, that is if and only if the equation 2 + 1
admits solutions in Z/(p). Hint: Show that A/¢((p))A = Z/(p)[x]/(z*+1)
and consider what it means for this ring to be an integral domain.

(*) This exercise proves the implication “f € A nilpotent” = f is contained
in every prime ideal of A.

We will assume that f is not nilpotent, and construct a prime ideal not
containing f. Let N = {f™ | n > 0}, and let S be the set of ideals a of A
such that an N = ().

(a) Prove that S is non-empty.

(b) Use a Zorn’s lemma argument to prove that S has a maximal element
under partial ordering.

(c) Let p € S be a maximal element, and let g € p. Prove that we can
find n > 0,2 € A,y € p such that

" =y+ug

(d) Prove that p is a prime ideal not containing f.

2This means that there exist (cij)1<i,j<n With ¢;; € A such that

ikCkj = CikOkj = e . .
o 0if i # j



