MAT4200 - 2026 EXERCISES WEEK 5

WARM UPS
(1) Consider C ®g C as the tensor product of algebras over R. Write
(249 @ @) (1 —i) @1 +1)

inthe basis 1®1,1® 1,1 ®1,i ® 1.
(2) Consider the tensor product of R algebras R[z] ®g R[y]. Write the product

(@ +1) x (y +2))((z + 1) ® (%))

as a sum Y a;;xt @yl

(3) Is an ideal a multiplicatively closed subset of a ring?

(4) Show that the intersection of multiplicatively closed subsets is multiplica-
tively closed.

SUGGESTED PROBLEMS WEEK 6

(1) Let B be an A-algebra, and let I C B be an ideal. Prove that if B is a
finite A-algebra, then so is B/I.

(2) Let B be an A-algebra, and let I C B be an ideal. Prove that if B is a
finite type A-algebra, then so is B/I.

(3) Let B be an A-algebra. Prove that

Alz] ®4 B = Blz]

(4) Prove that Q ®z Q is isomorphic to Q as a ring.
(5) Let R be aring, let B and C be R-algebras, with R-algebra structure given
by
Yp: R— B and ¥c: R — C.

Let ¢p: B— BRrC and ¢¢c: C — B®p C be given by ¢p(b) =b®1 and
dc(c) = 1 ® c. Verify that the following diagram of ring homomorphisms
is commutative.

that iS, that ¢B o ¢B = ¢C o wc.

(6) Let I be an ideal of R. Show that 1+ I is a multiplicatively closed subset.

(7) Suppose that R is a local ring with maximal ideal m. Show that R, = R,
where Ry, is the localization at the maximal (hence prime) ideal m.

(8) Let S C R be a multiplicatively closed subset. Show that the kernel of the
homomorphism ¢: R — S™!R is the set

U Ann(s) CR

ses
1
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(9) Let n > 1 be an integer with prime factorisation n = pi* ... p;", let | € Z,
and let S be the set of ¢ such that p; does not divide I. Thinking of [ as an
element of Z/n, prove that

(Z/n) = Z/m

where m = [[,cq 5"

(10) Let R be aring and f € R. Prove that R[z]/(fx — 1) = Ry.

(11) Let R be a ring and let S C R be a multiplicatively closed subset. Prove
that if ST'R =0, then 0 € S.

(12) Prove that any intermediate ring Z C R C Q isomorphic to the localization
of Z in a muliplicatively closed set S.

(13) If S and T are two multiplicatively closed subsets of R. Let U be the image
of Tin f: R — S™'R. Show that the rings (ST)*R=U"1(S™H)R.

(14) Let I be an ideal of R and S = 1+41. If M is a finitely generated R module.
Show that S™'M = 0 if and only if there is a s € S such that sM = 0.

EXTRA CURRICULAR

(1) Exercise 7 of Atiyah-MacDonald on saturated multiplicatively closed sub-
sets.

(2) With notation as in Problem (??) let D be a ring, and let pg: B — D and
pc: C — D be ring homomorphisms such that pg o ¥g = pc o Ye. Prove
that there is a unique ring homomorphism

p:B4aC— D

such that pp = po ¢p and pc = po ¢c.
In diagrams: Prove that the commutative diagram of ring homomor-
phisms

RLB

[

C 2y Boyo \?

\
D

can be extended uniquely to a commutative diagram of ring homomor-
phisms




