
Lecture / Rings Review

Gals : Definitions + Examples

Rings
Ideals

Homonophins

Ref
.

A commutative) ring is a

set R together with binary

operations
· addition a+ beR Ha

,

baR

· multiplication aber Hab5R

satisfying the following axions :



1) (R , + ) is an abdiam group
with "additive" identity element OER

2) (ab)c = albc) associativ
of multiplication

3) ab = ba commutativity of

multiplication

4) (a+b) c = ac + b distributi

5)7 Mutiplicative it IER :

# a = R 1 -a = a - 1 = a

From the axioms :

(-all - b) = ab
,

- a(b) = - ab

Da = 0
.



ExamplesQEME

are all rugs.

Trivial example :
O ring is

-

R = 503
.
In particular 0 =

1

.

Gerriss : If O = 1 ER Then

R = 203

N- examples 1) N = 50 , 1, - . .

.,
3

is closed under addition and

Multiplicati but is not a

ring. * additive inverses

2) 22 = S -2k)k 23 has

# multipliatuidutity !



Expe.

R = &F : R- 3 forms

a ring

More generally for
any

set A and

rig R

RA : = Ef : A +R3 is a

ring .
Exercise

Polynomial ris : R a nig

polynomials in one variable over R

form a ning R(X]

R(x] = 5anx" +...+ a ,X
+ a

. /0=R
addition- multiplication of polynomials



In n-variables : R(X
.. -

,
Xn] =

3EZ a, .. im X ,
" ...

in /fite sums
i

, .
... in 0 Air-ainER

-

Genise (RCx1) <y]
= Roxy ].

Polynomial rigs -> algebrais geomety

Homomorphisius
SiR rings : S-R is a

momorphis if

1) P((s) = Ir

2) p (a) = Pra). pia) Fant S
3) Gra +a) = f(a) + f(a)Ha ,

at S



IfI is bjective call it an
-

isomorphism ( =q -10) = 0 and

f(S) = R)
.

Abring SER is a subset

closed under addition+ multiplication
and I RES .

The inclusion map
i = S-R is

a homomorphism.

Example
.

* ->Q- R -> & are

ring inclusions

Example evaluation homomorphism
-

Pa : R(x] - R
↑ (x) +- f(a)



also works for RA A set

R ring
-

The Kernd of $ : S-R

Kerd = Gaes(fra) =03.

Example. Da " R(x]-R

Kerda = Ef1 a is a root off 3 .

Exercise : ?
-



deals
.

Def A subset I of a nig R

is an ideal if

1) I is a subgrop of (R ,
+ )

① E I
,

R(- closed under addition and inverses)
↓

2) H rER and atI ratI

*I
ideal then

FER is called proper

Trivial Ideal : 303

SRho.



Pof .

(ersa) ,
+ ) = (S ,

+ )
·

subgrap

p 10) = Ok
= Ostkerd

if a
,
b = kep = fa+b)

= p(a) + f(b)
= 0 + 0

= 5

=> atbekerd .

and ps -a) =
- p(a) =

- 0 = 0

-> - azkerd .

Moreover,
if atked When

↑ (sa) =(s)((a) = frs) - 0 = 0

for #SES. Sacker .

=> Kord is an ideal



Ref
.

For XeR The principal
ideal generated by x is

(x) : = 2ax)a + R3 = R .

Sample Alidals oora b

conside mind a la> acIn

Claim I = (n)
-

(n) = I.
Certainly

If I (n) then J Kel s .
t

.

ntk so K = nxtr ora

but r = nx
- k = I=



& is

aphpul
idea

domain
-

tient Rings If I <R is

an ideal the quotient ring

R/I has elements :

Ex + I /x + R3
.

(NoticeX+F=XE
with operations :

X
Ore = O +I = I Ir Ir

+ I
.



The quotient homonopphisin
P : R - R/
r + r +I

Ker 0 = I .

Examples.

1) R/p = 303 R/pE
R .

2)(/)ES0
+ (n)

,
1 + (n)

, . . .,
n - 1 +(n)]

.

2- 2/(n)
m + r

+ (n) where is remained
when driding by n.



The fundamental homomorphisms-

theorem For $ : StR a

-
-

ring homomorphism ,

the image

p(s) is a subring of B and

we have

Skerp = PlS)

6) is injective if and only if Kery
= doi

Examples· f - ((x , y] f = x
=

+y- 1 .

Unit crils = Sexyl/fix ,ylo

cSX , y]- poynomial
functions on the
mit circle


