
Restrictionr Extensionofalas
-

f : Res a m homomorphism
.

restriction of scalars : N an S-modde
-

can be made an R-module

(r
,
n) + f(r) . n

recall we saw that f gives an
R-modle structure to SEN).

Extension of Scalars : M R-module
-

then form Ms := SQpM
and give S-modde structure via

Is , som) to som .

Whel
defined



& DIf N is finitely generated as
an 5 module and S is finitely

generated as an is module
,
then N

is finitely generated as an R module

Crestriction of scalar

Proof if X-An generate N over Sad
-

y ,
- ym generated S over R Men

EXiYj3 generate N over R

2) IfM is finitely generated as an R
module

,
them My is finitely generated as

an S modle

-lox ; generate Ms over s ifProf

X ; generate M over R .



Def An R-algebra B is a ring
-

-

with a ring homomorphism F :R&B
Herve a pair (B , f)

Ban R-algebra
B is a ring

anch
an R-module :

rob == f(r) - b

An R-algebra homomorphisms is

a homomorphom p : B
,
-+ B

with F2 = P of , RFB
,
&B2

fa-

&ples Every ring R is a X-algebra
in a unique way. F : * - R

f (n) = n1r
.

frey homomorphio of nings is a

homano of X-algebras



Sample For any
R, f : R= R(X

,
-Xn]

r+ r

makes RSX ,
-Xn) an R algebra.

Also
,
R(X

,
- Xn)/
I

is an R-algebra with

F : R -> R(X
. -Xu)/I

r + r + I

Det Let B be am R-algebra

o B is finite B-algebran if finitely gen
-

as an R-algebra /7b ,
-bneB so

# b = B b =
Eaibi)

·

B is a finiteR-algebra if

=> a finite set of elements· by- butB

Sot
.

# beB b = Zaiib ..bin

Notice finite => finite type .



Not the other way
around.

1(X
.
- xn] is finite type butplesite as R-module

.

Take bi = Xi

&ator Let B be an R-algebraTFAFS
1) B is of finite type
2) 7 a surjective R-algebra homanophoni

0 : R(x
.
- xn] -> B

3) 7 an R-algebra isomorphism
k(x

. -xn)/[ -B.

Proof 1- 2 The map sending X
,
Mb; is

--

Surgectie
2- 3 fundamental homomor

.

thm =>

-

#XnJEB asngs · Check
al
an

Ker of



3) let Yi = Xi + I then every elt

of RX EB can be written as

& ai, .. in ..in finite type .

Rop If B
,
C are R-algebras then

BoC is an Balgebra with multiplicati
R

defined by
(boc)/b'oc = bb'occ' tellmentae

& biosi))Ebjoc) = Elbibjozizj)
i
,j

Pf The honom
.

R& BQRC is

Y Y

REROR-BORC
must check that multiplication is

Exercisewell defined-
S



Gample Let B = Rexy C = Rig7 then

as R-modules Inas nugs)
B = 0Rxi C = -Ry

i

BopC = (0Rxi) o(Ryi)
= Rx ]

Product (xy5)(x* y5z) =yj

There is an isomorphism of R-algebras

BORC -> R(x
,y

Example & is an IR-algebra
DE RIORi Revator space .

I dim'l

CORK is anI vector space with

basis I li i ii .

I X y z



x(lxi)(1oi) = (10(2) = - (101)= -

yz = - 1

zelidilioi) = 101 =

xy
= z yz

= -xzx = -

y

As a ring CQRKE KXK .

M
#

4) /(n ,) = (u +v)0) +t
= fre = 11101) - Eligi

Pix) = t(101) +wi)

# This is a conviduce thatK
EXC

.



Rings of Fractions (Chap2 AM)

If Do integral domain , we can form

K(R)- field of fractions
"Smallest ring containing R st .

A

r = R has r
-

= k(R)
.

Examples 1) R = 2 k(z) = Q .

mo
mi

* =iff nm'-mn = o

2) R = K(x] K(k(x)) rational fruc's

g(x) =
v= frig- g(x) =o

-



In general, KCR) is constructed fors

1) (a , b) = R + R by o

2) (a
,
b) ~ (a ! b') if ab-ab = 0 .

need R to be an integral domain
forN to be an equivalence ret.

4) KIR) =Elaaber b
5) Addition Multiplication
(a ,
b) + (a),b = (a

,
b))a'

,b= (aa!bb')
Jab' + ab

,
bb')

3) If R integral domain /(4)
(2
,
2) n(1

, 1) 2 . 1 - 12 = 0

(2
,
2) 10 ,

2) 2 . 2 - 0 . 2 = 0

(1
,
1) /0

, 2) 2 . 1 -1 . 0 = 270

So n is not an equivalence relation
-
-



Goal Given R a ring and a subset
-

SER construct a new nig S"R
where if SeS then 7 St-SR-

Def SER is multiplicatively closed if
1) IES

2) If ScES Then SiScES.

Note O is not forbidden in S!!

Example LetP be a prime ideal
-

then S = R-P is multipliatively
closed /S = R-I closed -> I prime)
(This will be a main example)

& Ring of fractions R a ring and
SER multiplicatively closed set

Thenig of fractions with respect to



Sis

SRER,
se

(a
,
s) ~(b ,t) J we S sit

.

(at - sb)u = 0 .

with operations :

(a
,
s) + (b , t) = (a+ +bs , st)

(as( / b ,
+) = (ab

,
st) .

write (a ,
s) = 5

identities are 10
,
1) = Opti (1

, 1) = 15R
.

Them is a rig homomorphi
: R-SR VIT

Example If OfS Run SREO


