
Rings of Fractions (Chap2 AM)

If Do integral domain ,
we can form

K(R)- field of fractions
"Smallest ring containing R st .

A

r = R has r
-

= k(R)
.

Examples 1) R = 2 k(z) = Q
.

mo
mi

* =iff nm'-mn = o

2) R = K(x] K(k(x)) rational fruc's

g(x) =
v= frig- g(x) =o

-



In general, KCR) is constructed fors

1) (a ,
b) = R + R by o

2) (a
,
b) ~ (a ! b') if ab-ab = 0 .

need R to be an integral domain
forN to be an equivalence ret.

4) KIR) =Elaaber b
5) Addition Multiplication
(a ,
b) + (a),b = (a

,
b))a'

,b= (aa!bb')
Jab' + ab

,
bb')

3) If R integral domain /(4)
(2

,
2) n(1

, 1) 2 . 1 - 12 = 0

(2
,
2) 10 ,

2) 2 . 2 - 0 . 2 = 0

(1
,
1) /0

, 2) 2 . 1 -1 . 0 = 270

So n is not an equivalence relation
-
-



Goal Given R a ring and a subset
-

SER construct a new nig S"R
where if seS then 7 St5SR.

Def SER is multiplicatively closed if
1) IES

2) If ScES Then SiScES.

Note O is not forbidden in S!!

Gampes11 Snoun divismuda-

X Syz) = 0 So X
, y are zoo divisors

2) LetP be a prime ideal then

S = R-P is multipliatively closed
&

1 S =R-I closed -> I prime)
(This will be a main example)
& Ring of fractions R a ring and
SER multiplicatively closed set

Thenig of fractions with respect to



Sis

SRER,
se

T1las(u(b ,
) Et 5 weS s

(at - sb)u = 0
.

EquivalenRELATIONEXT PAGE-

with operations :

(a
,
s) + (b

,
t) = (a+ +bs , st)

(as( / b ,
+) = (ab

,
st) .

write (a ,
s) = 5

identities are 10
,
1) = Opti (1

, 1) = 15R
.

Example If OfS then SREO

Since (at -sb) . 0 = 0 # a,beR s
,
tes .

In fact, SR =0 OES
.



"N" is an equivalence relation.

:

"W" is symmetric o reflexive

To see it is transitive consider

(a
.
S)v(b

,

E) and (b
,
t) - (c

,4) ·

then lat-bs)v =0 for some VES

(bu-ct) . w = 0 forsome WES

eliminate b :

Jat-bs) . v . (w) = 0

(bu - ct) - w(v) = 0

Now add equations

law-cs) ·A=since
mult . Closel

=> (0 , s) ~(c
,
u) and w is transitive



Ep The operations of addition +

multiplication are well defined
.

↓ # (a
, sh(ais') (b

,
tv (bit)

then (a
,
s) + (b

,
t)v(a',s)) + (b),t)

same (a
,
s)(b

,
t) ~ Jais')o (bit')

·

and STR is a commutative rig
with identity.
Them is a rig homavarphm

M

f : R-SR r ++

PfThis week's exercises
.

↓ the homonopolism F : R -> S't may
not be injective ! ↑



Example 1) When R is an integral domain

and S = R - 0 then S'R = KIR).

2) "localisation at P" P prins ideal

ideal then S : R-PIf P is prime
is multiplicatively closed.

Is S = R - P if SS2#P then

SSzAP .

Prove from contrapositi

If S
, SzEP => either S

,
or SzeD

.

(dinition of P prine)

unite Rp := S'R

&p The ning Rp for P prime ideal is local.

Prof Rp is local non-units form an ideal

Claim

# 35/atP3Rp ·

is an ideal=

cock.



↑M since if ! = & E) (s -a) ou = 0 up

but atP ses so safP so we can't

have TEM so the elements of M are non
units.

if beRp is not in M Man beP

and hance b is a mit in Rp and so

↳ is a mit. => M is max idea

this means any
ideal I & Rp not

contained in M contains acit.

=> Rp is local and M is unique

Max ideal
.

B

3) fe R and let S : Ef Inc, ob

write RA = S'R
.

4) If R =2 and P = /p) p prime

2)
= & /gad(n ,pl = 13 =Q



This is a local ring with maxide

m = [ /p + 3

Eyple P = (x) = REx] Then

(R(x2(x) = G (g)gy(x)3.
rational functions without poles

at 0.

Ep (Universality of S'R)
Let % : R+ R' be a nighomomophin
St

.

AseS /5) is a mit in R.

Then Thee exists a unique homonophic

g : S'R - R'st .

FeS
& R

-



Roof Uniqueness .
Let reR ,

then
-

g(f) = g) f(r)) = P(r)

Let SoS Men

g(
+) = g)s

-

) = g((s)")
= (g) f(x))" =f(s)

+

Sine I (5) = g(r)g(t) g is determind

Existace Defic &(fs) == p(r)((s)
-

check it is well-defined D
.

Males on S
M B-module

,
SER multiplicatively closed

Def The S-R module STM is the

5/ms)/meM,
Se5

where (m
,
S)v/n ,q)= JueS /qm-snu=0

addition : (m
,

sl + (n ,q) = (mq + sn
, sq)



and for19
,
s) = SR .

muddle structure

(a
,
s) . (m

,g) = (am
, sq) .

Again we write

Example. R = & S= 10 S = Q
.

M= Men S"M = Q.
.

M=/n Ten S"M = 0 Since

2M .

because himS-ms) =0

nS M.
= 8

Notational examples

lilf S = R-P
,
P pric ideal we

write Rp and Mp = S M.

2) S = [f In = 03 SR = Rf write

My for StM
.


