
Lecture13 Local properties

Recall properties of S'M.

· S'R is fat modle overR

· S" commutes with quotients
· MiM" M S" commutes with M'+ M" M'AM"

· SMOsiRS"NES"(MORNI .

·S'MES"ROpM . 18 - som

Def Aring (alt. R-module) property Dis

Lal if :

A Calter . M) has P>

Ap Caltern .
Mp) has D for all

localisations Mp / P is prime ideal

Mp
=Ji S = M-P). ·



Pop The operation
S"1-1 is exact .

I

le
.

If M FM &M" is exact at M

then 8"M' - SM -> S'M" is exact at M

Proof exact => gof
= 0 + 5

g
· 57 =0

-
-I

we have Im st = KrS g

If McKersg then gm=

(g(m) - S . 0) . u
= 0 for some UESCR

-

ug(m) = g(um) sinceo
is a R-modhom.

=> umzkerg
= Imf => fam') = um

for some m = M== = Su
Elms "f

.

-actress is proven .

rollary S'R is flat over R.

S'ROME S'M /SensoringwithStatis



Examples O Being O is a local property
/

--

M = 0 => Mp = 0 H P prine ideals

=> Mm = o V i max ideals
.

Now if meM ,
mo .

then

Annsm) = 3 r1 r - m = 03e
R

.

then to b ?
Annsml in max ideal

but then My = 0 and M = q
Hm

by definition (M-0) -k = 0 for UER-M

bo uAnn(m) so we M
=> ↑

=> Mm =oH i may
-> M =0

.

② Being fat is a local property.

recall is right exact(
M flat if Me - is exact functor
-



Proposition Let O : M + N be an R-mod

homan
.

then TFAE :

1) : M-N is injective (surjective

2) Op : MpeNp is injective (surjective
-

↓ Prime ideals PC R

3) Maz Na is injective (sujective)
↓ max ideals m = R.

Irof recall S'R isflat over R.

0-Ker0- > MrsN
is injective .

↓

OrKerp-MpeN , is injective

=> Krop = Kerl*
-> Kerd = 0

#
Kerp

= 0 HP .

1 Et 25 53
.

#
Kerm =O M



Flatness is a local property
For any R-module M TFAE.

1) M is flat over R

2) M ishat over Rp # P princ ideas
D

3) Ma is flat over Ray I my prisited

↳z MpE RpOrM

Exercise If f : RCS is a nig
--

and M a flat R-homonopha
module ten SoM is a flat

R

S-module
.

2E3 max => prive
-

Let N-N'be a homom> injectiv => N -N Injective
M M

NMm NBMm by assuption Mmflat



=> NORM)m -> (N'opMlay injective
Clos commutesuna)

=>
Norma N'OpM injective by pup

so M is flat D

Recall extended contracted idels.

f : R- R
contraction

J = R' ideal Ther ↑(j)=R Ideal

extension a

I = R ideal then FIT) . R = SE firtsi)

When fis X : R-S'R we have
.

He

Pop If R 3-8'R ideals
-

I e = (g/asIseS]
JC = 3 .919753



Pf
.

J is by definition

It = &a si
unite der common denominati

-

&[S3
Rep For JES'R we have

J = 3
.

Cary 1/ Every JES"R
ideal is

the extension of some IER
.

2) The map J ja gives an

inclusion I
.

/STR) - IIR)
.

Proof of prop A &J then

↑ = 97] = atj=&j



If geJ then Eg = b ,
for

some beja => e5 =

↑ = 5 = g73.
T

Example Consider [1p) for a prime

p . Every J-E(p) is the extrusion

of an I = (n) in E .

=>

j =5 /p +43n = p2q pyg
=Smipe3

.

-J = (pepe
.

The ideals are :

1) ( = (p) = (ptz ...2 (pH .....
(0)

.

Which ideals are prime in E(p) .



Pp Prime ideals in S"R
.

There is a 1-1 correspondence

Spinedeals Speid E
SnD =0

I ↳ o
"

(T) contractio

QI)SR1 I extension.

Again here " Y ' R - S-R

compare this
to prime ideals in R/

Zoof # - is prime then o (J)↓
-

is prime , moreder (5) nS
= 0.

since others at $151 and at S

=> a J and P+ 55 - 155
T

not prime .

If IER is prime and snl =0 then



we want to show ISTR is

prime 8
S

Assure not prime ,
then I

&GIS but a
,by I

12

& where 21 +E S
.

=> Ita-b-ss' - c) . u = 0 7u = S .

ta-b . u
= Still Mis is

in I

bt +
,
a
,
b
, u I

Finally, I = P- (I-5R)(this is

always true
If a-"(I -5) Men = b betS
(as -b - 1) .

u
= 0 uYI -

asu = bueI but since S
,
u I

and I Prince asue I = atII



Corollary The princ ideals of Rp
-

whe P is prime are all

QRp where Q = P & prime .

J = R -PsoQnS =0E
Q = P . z

colorThe prime ideals of R
f

are QRP whe Q is prime and

- Q .

-

S = [1
,
f

,
F2, - ... 3 so QnS =0

=> f ** Q for
any
k buta prive

so f
*

Q feQ . I
.



Conany The rig Rp is local.

Prof
.

The max ideal is PRp -

Corollary The ntradical of R is

The intersection of all primes

Prof f hilpotent - - every prine

↑" = 0 = - - P every prime -

If f in any pine , then

& P prin If P3
= 0

=> Rf has no prime ideals

=> Re is O ning
J0 = 1)

=> + = f =r = (
- 1 . d+ 0

In R - +" =0lpotent . 1



Examples The prime ideals of [S2)

are (2) - (2) = (2)
10) · 212)

= (4)
The prine ideals of I in If

2

are (5) , (5) , ... (f) any

odd prime p


