
Lecture 14 Chain conditions Ch6 Al
- Lecture 9 Ell.

countable

Recall a chain 2 = EMiSist in
a partially ordered set E

12 a linearly ordered subset

Mic Min Mi +z ...

An anding chain is a sequence

Mo M, Mz . .

A descending chain is a sequence
-

--EMzEM ,
- Mo

In estier case the clain is

Stabilising if 7 N St . Mn = No
-

S

for all n= N .



ham let I be a partially ordered
set TFAE :

17 Every ascending sequence
statilises

2) Every non-empty abset To &

contains a maximal element.

2 = 1 easy.

1 - 2 Suppose There
is no max

et of T . Therefore for every &T

we can choose fit)T with

& It)=t Take S = + Seflet

--- Si = f(f)
.

..
(f(z))))
i-ltres .

-

to get a non-stabilising charn

Note that we can say the same

for descending sequences - minimal ests.



Det Let R be arig and Man

R-modle .
Let & be abmodels

of M.

· M is Notician If every ascading-

sequence In E stabilises

o M y Artinian it erey descending
-

sequence in E stabilises.

"satisfies cascading chair conditions"
desending

A ting R is Noetarian/Artianian

if it is as a modle over itself

(submodles of R are ideals

Named after Emmy Noether /1882-1935German
mathemativ

and Emil Artin (1898-1962 Astram Mathenatif



Samples & is Netherion but not
Artinian

(n
,
) (n)f -----

=> Milhit , so it must

stabilize .

Haueber

(2) =(4) 2,(8)3 ......

Does not Stabilise

&ple Let R = 1 a feld. M rector
space

M is Netherian #) Mis Artinian

E M has finite dimension

dimension must drop (or increase)
If Mi Mits Mi = Miri



ple The nig of posjnorials
RCX] is not Artinian-

() z(x)7(x2) -... .
. y(XF)7 - --

Raxz is Northerin # R is Noetherin

=> a non-stabilisiy chair in K would

I &be non-stability in RCx] RS/(x) = R

quotient nigs

To
prove#

We will use another

equivalent condition to be Betteran

Exple [JIR) smooth functions or IR

Is neither A nor N
.

(11 **(x] *... - -

and it's not N Since

(sin(x)) = (sin(E)) & (sin( * 1) F ... -

To see incluio use
doble angles

sin/) = 2 cosy Sin x



Theorem (Noether 1921)
-

Let R be anig and M a
modle

der R MFAE

1) M is Noetherian

subset of EM
2) Every non-empty
has a

maximal element.

3) Every abmodle
of M is finitely

generated.

Roof2 if not 2 Men constrout

an infirts clain (kind of like before

2 = 3 let Fre &p be the abset
-

of Emitey generated submodules of N
&

Let Nmax be the max element ofFi
If Nmax * N Men take XaNINmax

Nuax has generated by X
, --Yn then

XR + Nuax is gerested by X
,
X -Y

S



Therefore it is frntely generated
and so XR + Nmaxe For it must

be equal to Nmax so it is

funtes generated.

If every
submodule MieM is finty

generate let M
,
E

. . . .

be a

ascending chain and let

M' = & M ; E M mut be

i = 1

futely generated by m
-

- .Ma

There must be some fite # of Mis

contains all of these so M= M ;
1 = 1

and Mr = M' for all n > N.

Te clain stabilises.



Corollary Aring is NeeMerian>
-

all ideals are fritely greated.

If K is a field k(x) is Nocturian

since Kax] is an P.
I

.

D
.

Theorem Let
-

0 - M' " MESM" -o

be exact sequence
of R modules

M Noethenan E M' and M' Notician

M Artinian> M ! M "Artiman

&f (Notician) If MiSM2'--- -

is a chain of submodules of M1 Ten

imMi) = i(M2') ...
-

is a chain in
I

M. If M is
Noethian

,

then i/Mp)
most stabilise

. By injectivity of is



M = Ma' * ....
must stabilise.

If M
"

"

= Mr" .... is a dain in M" .
-

then p
"(M

,
") = ↑"(")E ...

is a

chain is M. which stabilises since M

is Noetherian. By sujectivity of P

the chain in M
" must stabilise.

=> Given a
chain M , Mac --

in M we obtain chairs in M'
,
M "by

i + (M)=i) ---

P(M ,
) = p(Mz)e----

These chais must stabilise
,

so I a Not

i (Mn) = i (Mn +)
H n > N.

p(Mn) = p(Mm)
Use the snake lemma :



of ii) Mn top(Mn) -
lidt' If

,
126*"

o iMm) E Mm Ec pimmeo

o Korf - Kafkerf" ecokert'e collet

-> Lokef" -> 0
.

Since flf" are both isomorphine we

have 00- kef to - o -> cokef 30th

Is an exact sequence. => Kerf = volcif=o

So t is an isonphion for all n>N

-

> M
,
= Mz = - -..

Stabilises and M

is Noetherian, D

Clary if Mis
...
Mr are Nortuarian,

m

then ① Mi is Noetherican.
i = 1



&ofThere is a short exact sequence

j - 1

0 M j-Mi
i= 1

V je)l, -- n)
. Apply previous propositi

to prove
statement by induction.

Rop If R is Northerian and M a finites

generated R-Module
,
then M is Noetaian

I same for Artinian C-

Po R is Noctuarian =
R "is Noeturion

Since M is finitely generated we
have

6
of Key - R"- M + 0

is exact . Apply proportion and we obtain

Kerd
,
M are both Noetherian

.
1



# If R is Northai rig ,

I

Ideal of R
,

then RI in Nothin

&of use DIAR-
RI + 0.

Examples 1) Any field K is Noethron.
-

No non-trivial ideals

2) The rig K(X-sXn
- -) is not

Northerian
,
but it is an integral domain

K(X
,
-

,
Xa- ) field of fractions is

Netherin
.

Hence sibrings of

Betheian sbrings need not be

Noctmenzi


