
Lecture 15 Chain conditionsa

composition series

Def A module is side if it has
-

non-trivial submodles
No

You may
remember this from grap

thoory!
"

Eph p prime /1p) is a simple -models

no non-trivial subgroups. /(n) for

n composite in not simple /(k)
= 2(a)

if K In

Exp K(x]/ ,K(-a)
are both simple K(X] modules.



& An R-module is simple> it is

isomorphic to R/m for a maximal

ideal m.

Pof Suppose M is simple and consider.

↑ : R = M romr for some MFO.

Since m =O and M simple Im(4m) = M

therefore MER/I for someI

= Annse) .

We claim Ann (M) is maximal

If not there is a larger
ideal I

containy I and then OM/ERII
=> M butM is simpleE .

ForIn a max ideal of R , suppose

O & M & R/ for some modde M

Then let p : R-R/y be the projection
o (M) = R is unidea m = piM) = R.



since In is maximal p" (M) = M

or p" (M) = R enter M = 0 - M= F/m

& A composition seres of M is
-

a finite chain :

M = Moz M , F . . .
FMn-FMn = O

which is maximal
i

. e. cannot be
-

extended by adding some M :

MizM'z Mit

A chain is as composition seriesE)

Mi/Mit 1

is simple for every
i.

Expe. n =

pq P . 8 prime 11
=2

2) z(P)/(pq) = (P=salE



n = p,?....p

*n)(p ,y) (p) - -(p)u
(p? P2)/(n) ----- (ppe

Tr)
= (n(n) = 0

.

# modles in dain = Gei
l/ */) = Zei

ReinitionThe length of a module

ISM) is the minimal length ofa
-

comportan series of M &(M)=

if no composition seres exists.

M is simple- e(u) = 1
.



Lemma Let M Lave finite length,

ten NEM = S(N) <SM).

Roof let M = MoF .... - Mn = 0
.

be a composition series for M.

set Ni = MinN # i . Then,

% Minnes My -> Mimiti
.

Kardi = MitiN .

either Imp=MiMitS

Since Mi/Mit ,

is sile.

⑫↳ Imp = 0 = MinNEMitieN .

case 2 Indi = MimiMi-

Mi + 1

in particular Ni/Nit
,

is simple
Removing. The is which are in caseI
we obtain a composition series.



=> e(n) = e(M) .

Sine NEM wa have N =N1Mo*M.

while 0 = Nr Mem = Mem) = 0.

let i = min S : I NnMi = Mi3
i

Then Mi NnMi ,

> NeMi =Mi

at N1Mi- = NuMi ,
so we must

remac this I for the capostion
seres for N

.
= SN) < (C) - M.

Let I be a mode with SCM) =1

1) every composition series has length n.

2) for every
chain Mo =M &M, ... Mis

=o

has Kn and can be extended to a

compositio senes



& 1) if Mo = MF . . .
. - Mul

= o is

a coposition series we must have

e(Mn . ) = l(Mn-1) ... (1Mo)

=> e(M) = n' by Lemma.

However eCr) In' by definition

e(u) = n' = n .

2) If Kn
it is not a coportion

Series hence Mi/Mit ,

is not simple

and we can increase the chain :

Mi M' = Mit .

Remat You may have seen
composition

series for groups . Simple groups have
no normal subgps .

Jordan-Hilder

theorem says length is invariant t
-

so are intermediate quotients up to reading



Ep (IM) fintie ES M is Artinian

and Netherian

Ref Any increasing/decreasing
-

sequence must have finte length
hence stabilising here Noethain/
Artinian.

E Defe a composition series :

-

Mo = M ,
M

,
is a

maximal sibmed le

which exists Since M is Notician,

Roved by
induction M ,

is Reteran ad

M2 is max
submodche. Now we get

a descending chain
,
since Mis Artinian

it stabilises and Mr = O for some n.

D
.



Ep the function I is additive.

Given an
short exact sequence

0+ M'- M - M" -0

of R-modules .

We have

e(m) = e(M) + e(M") .

Bof If one of the lengths is

infinite it is handle by periors

proposition and behavior of Noetira

Artinian under S . E .
S

.

's

Assure all lengths <

consider composition series for M'adi"

M = p. (M =) = p"(M ,) F ....FM
= iim) = i(M ! )z . . . .

. i(Miny) =
0



Sinc p"(Mi")/p(Mit) = Mi"Mik
and (Miliu MilMit

,

he have a composition series for M

and ((M) = l(M') + eSM") ·

T.


