
Lecture 16 Noetheian rigs + Hilberts-

basisTheorem.

Recall a ring is Notarian if it

satisfies the ascending clain condition

on ideals

Nether's th
RNoethan> Hideal finitely generated
=> every non-empty collection of

ideal

has a maximal element.

& If it is Noetharan and

P : R-R' is a sujective homomorphis
Men R' is Northerin.

Roof R'ER/kop



& Let R&R" be a subring
Surom R is Netherion and RI

is finitely generated as an
R-mudle

then R' is a Noetharan rig
,

Roof Every
R-module is also an

R-modde

Sample(i) Gaussian integers are

Unites generated ver X .

Hence Noetheia.

# If R is Northerin and SER mult.

doed then SIR is Noetarian.

Recall The ideals of S are in correspo
-



with contracted ideals of R via

p : R + SR .

Albert'sisTherem
# R is Noetharian , then

RCXJ 13

Noetherian.

of Let IER(x) be an ideal .

We will find a finite generating set

"basis" Cold fashioned teminology).

The leading coefecients of elts of I

form an ideal I lead * R
.

Why? Let r, I read Mer NiteFod

Since 7 f , fe with leading notients.

build a polynomial f , + dest-detecte
with leading coefficient ri +rc

.



If rifllead thenP. 5I read sine

↑, I = -fel .

If r,f Freed and reR Men

PrE Freed Since rf , cI .

Since R is Noetharan I lead is fin .

generate a , --An

For each i = 1
, -

n 7 fi =aix her tens

fit I. Set r=maxr ; and let

# = < f - - fn] = I = R2X] .

let f = axm + Clower term) E I then
-

at Flead
-

If myr we have !

a = [Vidi UitR and then



-- Eym-rieI anda

degree < m
. Continuing this way

we can arrive at

f =

g +
h

,

deg g < rwo

[ I

Now let M be the R-module

r-generated by 1
, x, --,X

Then I = IMM +I' Misfutey

generated , henve Noetheran
,
so IMM is

finitely generated as an Rmodle .

If gi , -gm generated InM and fi--fr
generate I' , then girgm, fis -tu genate
I . So R(X] is Northern J.



Collary If R is Northerian
,

Men

R(X
, s -->

Xn] is Noetuarian Stiwt#↓Vanubles

Proof Where R =K a feld
-

Define the lexicographical order on
monomicals

Xanx

19
, ...,
an)

ex
(bi - bn) .

for FERIX , - ,Xn] define LT(f) to

be the highest term of f W .
r

.
t
. Flex

Define· LT(I) = < LT(* ) /felT .

leading term ideal
.

This is generated
by monomials.



Cam every
monomial ides in

KCx
,
-Xn) is finitely generated .

- LT(1) = <LT(gi) , . . . .

, LT(gm)Y
.

This is a consequence
o Dickson'

Lemma for semi-groups
:

n

S = Exo closed under

addition is finitely generated .

It can be proved by induction .

on n



Claim I
=

(g .. - gm)
-

(g,
.

. . ..gm)Iv
for fe I can write

f = g ,g , + - -
+ qmgm +w so no

monomial in r is divisible by Lilgil

Now r= F- Egigie I

If r = 0 ther (T(r) -LT(I)

which means LT(r) must be

divisible by LTlgi) for some gi

=
.

So r = 0 and

F = Egigi B.

I is finitely generated
is Noetarian

and K(X
, -Xn]



Definitoi I KSX ,
-Xn] an ideal.

-

AGroberbis o
isgoa

-

and

< LT(gi) , - - [Tigm))
= LTIl)

Goollary Let A-be a finitely generated
R-algebra .

If R is Nocturian,

them so is A

Proof A finitely generated R-algebra

finite type R-algebral means

AE R(x
,
-Xu]/
I

Hence
,
A is Northerian as a nig.



Hilbert's Tweak) Nullstellensatz

Recall that a held extension
KI of K

is KEK' is futs if K' is a finete

dimensional rector space over K.

Thm
--

Let mc K(X
,
-Xn] be a maximal

ideal. Then Kix-nb/
by

is a finite

field extension over K.

If K is algebraicaly closed then

135X
,
-X-
y
=K in particular

M = (X
.
-G
.. -

Xn-an) for some dit K .



Proof of weal Mullstellensatz

iskix , -xubla
is a field so Zariski's

lemma applies.

ii) If K is algebraically closed
,
then

for KEK' fiite we
must have

K = K ! Thoof : - K(X, -Yulm
must be an isomplian and for

each i = 1, we
must have Xi

= ai

this means Xi-ai #M

(x
,

-a
,,
-

>
Xn -an) Em

The idead on the left side is maximal

So it is equal to m
i.



MONxD-> MorN) op

Xy/
MQr(SOP) .

modde -


