
Lecture17 Artin Rings

Reall a ring is Artinian if it

satisfies the Descending chain
condition on ideals
-

every Sequence

I
,
2 Iz ? ... Stabilises

.

Examples
.

1) K a field is Artinian.

K ECO) are the only
ideals.

2) I is NoT Artinian
-

(p)2(p2)z -----.
does not stabilis

3) If R has a firsts # of elements it must

be Noetherin Artinian



Lemma If R is Artinian it has a

te# of maximal ideals
.

Ref if infinite conside the chain

m
,
= m , nMz = MilMelis--

it most stabilise meaning
for all

m ,
A:Mm = M ,

1 - - - 1Mn+
nxN for some N.

meaning Mn+
< M

,
1 ... 1 Mn.

since ideals are all distinct we

can find X ; = Mi\Mn+ 1
# i

-

N

St
.

X = #X ; e M ,
1 ---7 Mr but

i = 1

X Mn+ 1

Since Mis maximal= prive

contradiction D
.



meaningRare is an minimal ef.

m , A- Mn and any

max ideal in satisfies

3 1th ,
1 in =- 10

therefor I 2 Th
, 1--1Mm

By (1
. 11) M 71m ; for son

Let a, -an be ideals and

& a prime ideal containing Inter

them P2 ai for some i

1
.
1

. Anyah Mardheald



Lea Let R be a Artinian ning

If R is an integral domain it is a

feld
.

Proof conside X * O XER
,
the clain

-

(x) = (x* ) = (X3) .. . . -

must stabilise

hence X
N
= yx

+ for some N
. JER .

Since R is an integral domain

=> 1 = yX
for some yeR and

X is a unit nance R is a feld.

Lemma In an Artinian rig , every pring-

ideal is Maximal
.

↳ R Artinian => R/I is Artinian

for any
ideal

.

If PER is prime

Heal
,

then R/p is an integrat domain

and Artinian
. By previo Lemma Rip is

a fild => P is maximal
.

1.



Def Let R be a ning The

krull dimension of R is the Supremum

of lengths of chairs of prime ideals

in R
. PPP, - ... &Pn

Examples
Tdimk = O

2) dim2 = 1

3) dimk(x) = 1 (x) = (0)
·

4) dini KCX
.
- Xn) = n)(X ,

- -Xn) = ( ,
- - Xn+ )= .=(x)

Remark Kull dimension is important in oly
-

geometry. A prime Ideal PSKX-Yn] .

has azwo locus :

V(p) = \(a ,
- an) + k")f(a .

- -an) = 0 (fzP]

a chain of pries provides a chain



nested sequence of vanishing sets

If K = K
,

where sets increase by
dimension in I"

Gol today Show a nig R is
Atinian

=> it is Notician and dimR = 0
.

ImporterA nig
R has dim

every price ideal is maximal

Prof If PER 13 non-maximal
,
then 7 m

-

maximal such mat MIP so dinR31.

If dim R = 1 then - Pop ,
and p , 11

prime not maximal B
-

Clay An Artiman ring R Las

dimR = 0



# Every Artinian nig is Noethanas .

ch let Mi . -Mr
be max

idals of R.

#p 6 . 4 AM 72 st .

mp... mp = 10).

La 6
.
11 AM Let R be a nig

andetin which (0) = m
,
. -

. .Mr
of not necessarily destinct max

ideals . Then R Noeteran

# R is Artinian.

Consider the claim

A = m
,
= m

,m2 -
- -

- 2()

Each factor 2
, --Mi-1/m

. --Mi



is a rector space over the feld

#
m ;

-

Have a . 2 .C>d .
2 . C

for each factor. Also a . C :

Lord . c . ) for each factor

# a
.
c

.

c (o d . c . c) for R .

using short exact sequences

B.roursivey .

p
.

A Notician ning
wh

dimR = O is Artinian-

R Assure it isn't and conside

T= SIER / R/ not Artiman 3
.

Since R is Nocturian and (0)

E T we can choose a max



element It T
. Conside B = R

Then
, o B is Noctuan and not

Artinon .

· Every pris
ideal o B is

maximal
.

/Since holds for R dimR=)

· If 10) & - &B is an ideal

then J = /I for some I'zI

here B/y = RE/jE R/j
so B1g is Artinian.

B is an integal domain.dam

assum claim :

every price ideal in

B is max and integral domain

=> Bis a feld so B is Artinian



contradiction
.

↑ofclaim
: Appare Oxy

· X

of B/Ann(x) -> B 3 B/(x)50 .

We have Xt(x)
, y5 Ann(x)

s (x) , Ainn(x) * 0 .

So both

night a left modules in S .
E-S

are Artinian -> B would be

Artinian > contradiction.

StructureThm for Artin wings

A Artinian ring R is /uniquely a Y

finite direct product of Artinian local rigs

RETR/MaMineo



Prof Recall we used Al 8
.4
,
Mat

e↑ mi = o

&

1 = 1

Then Mis , my" are coping f ij

(If radicals are copie , then ideas are copnis)

Rop 1
.
16.

Therefore ~mi = Imi" and

p : R = πr/mi
is sejective since

parmise ooprine and Key = Tm = 0
.

Each R/e is Artinian
,
moreover its

max ideals are M/m pe
but since

mim => M = M; there
is a mige

max ideal Milit hence it's local.

D .


